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(ii ) 
LIST OF SUTRAS (FORMULAE) 


(1) venrftres-r yetor - Ekadhiken purvena 


(By one more than the previous one) 


(2)  faRacsy Aaaeaeteeta: - Nikhilam Navatasccharamam Dashatah 
(All from nine, and last from ten) 


(3) wredteeparq - (Urdhva tiryagbhyam) 


(Vertically and crosswise) 


(4) aRraef aaa - Paravartya Yojayet 
(Transpose and apply) 


(5) era araaqua - Sunyam Samyasamuchchye 


(The summation is equal to zero) 


(6) seed gaARA - Anurupye Sunyamanyat 
(If one is in ratio, the other is zero) 
(7) Wea qanearary Sankalana Vyavakalanabhyam 
(By addition and subtraction) 
(8)  —- qeengrerpary - Puranapuranabhyam 
(By the completion and noncompletion) 
(9) Wot Harmar - Chalana kalanabhyam 
(Sequential motion) 
(10) @agey Yavadunam 
(The deficiency) 
(11) = caftaaft: - Vyastisamastih 
(Whole as one and one as whole) 
(12) stare eran Sesanyankena 
(Remainder by the last digit) - 
(13)  wWeaeaeaaaay Sopantyadvayamantyam 
(Ultimate and twice penultimate) 
(14) vweepagdé Ekanyunena Purvena 
~ (By one less than the previous) 
(15)  aftrerrqer: Gunitasamuccayah 
(The whole product is the same) 
(16) qreaqaa: Gunakasmuccayah 
(Collectivity of Multipliers) 


(1) 
(2) 


(3) 


(4) © 


(5) 
(6) 


(7) 


(8) 

(9) 

(10) 
(11) 
(12) 
(13) 
(14) 
(15) 


(16) 


UPA - SUTRAS (Sub-Formulae) 


area - Anurupyena 
(propotionately) 


fersae staest: - Sisyate Sesasamijnah 

(The remainder is the constant) 

MAAR IAA - Adyamadyenantyamantyena 
(First by the first and last by the last) 

dad: WAH TAR, - Kevalaih Saptakam Gunyat 
(1/7 By the product) : 
aeqq Vestannam 

(Circumscribed) 

Wagar AWE - Yavadunam Tavadunam 
(What ever deficiency further lessen that much) 
Aaa Aa pes TF a NAAT 

Yavadunam Tavadunikrty vargam cha yogayet 
(Lesser by the deficiency and use its square) 
acaardsrsff Antyayordashakepi 

(Sum of last digits is ten) 

arwaanra - Antyayoreve 

(Only by the last) 


waqerrpfera: - Samuccayagunitah 
(Product of Whole) 


aterTR TAA - Lopanasthapanavhyam 


(By Alternate Elimination and Retention) 
faster - Vilokanam 


(By observation) 


( iil) 


aera yea: ayzaaqfrat: Gunitsamuccayah Samuccayagunitah 


(Product of the whole is equal to whole of the product) 
qarqaarr - Dwandwayoga 

(Duplex) 

qa: -Shudha 

(Purify) 

wqarH: Dhwajanka 


. (Flag digit) 


(iv ) 
PREFACE 


This text deals with Vedic Mathematics (VM) based on 
the basic volume on the subject written by His Holiness 
Jagadguru Shankaracharya, Shri Bharati Krishna Teertha of 
Gowardhan Peeth, Jagannathpuri, Orissa, India. 


It was his sheer intelligence & genius that he constructed 
the Sanskrit formulae from the Atharvaveda. Hence this 
mathematics is Vedic Mathematics. 


Now VM is used, not only in Science, but also in the 
field of Technology. It has already crossed the Science 
boundaries of India & has became a leading subject of research 
abroad. VM is not only a mathematical wonder, it is logical 
also. It is true that usual process of induction and deduction 
are hidden in VM. Any result looks like a magic but proving the 
result is logic, VM is both ! Hence VM has a degree of eminence 
which cannot be disproved. 


There are many books on VM. But its branches are 
discussed in different books. This book intends to cover all of 
them. This book is useful to students up to graduate level. 


This motivated us to write this book and we tried to 
assemble the subject in an easy possible manner. 


We do not claim for the originality of this text. The text 

-of VM by Swamiji (Pub. Motilal Banarasidas, New Delhi, 

India) is a guidelamp & reference book. We are thankful to the 
publishers of this book. 


( v) 


We thank Mr. Wijay Chitaley, Managing Director, All India 
Reporter Pvt. Ltd., Congress Nagar, Nagpur for his generous 
donation of paper required for this text. 


We are thankful to Mr. R. M. Pujari, President G.G. 
Joshi Shilp Sanshodhan Pratisthan, Nagpur, for going through 
the manuscript and making valuable suggestions. & for his 
article on ‘Ancient Hindu Mathematics’. 


We request all students and admirers of Mathematics & 
Applied Sciences to go through this text. Answers to problems 
_ in exercises are given only when necessary. We hope this text 
will inspire one & all to practice VM. . 


Suggestions, in any form, are welcome. 


We express our gratitude to Mr. Wijay Chitaley, Managing 
Director, All India Reporter Pvt. Ltd., Congress Nagar, Nagpur 
for neat printing & Swadhyaya Mandal, Killa Pardi, Gujarat 
for publishing this text. 


Thanks. 

AWV 
June 2003 SMC 
Nagpur, India. SSB 


(Authors) 


(vi ) 
Jagadguru Swami Shri Bharati Krishna Tirthji 


A Pioneer of Vedic Mathematics. 


His Holiness Shri Swami Bharati Krishna Tirth, better 
known by his disciples by name Gurudev or Swamiji, was born 
in March 1884 at Tennivelly (Tamilnadu, India). His father 
Shri P. Narsimha Shastri was Deputy Collector. 


Swamyi, named as Venkataraman in his early days, was 
very brilliant and genius. He passed matriculation in 1899 from 
Maaras University with.the topmost position. 


He was proficient in Sanskrit Oratory. Hence he was 
awarded the honour “Saraswati” by Madras Sanskrit 
Association in 1899 at the age of 15. After winning the highest 
place in B.A. examination, Swamiji, then Venkataraman 
Saraswati, appeared at M.A. examination of the American 
College of Science, Rochester, New-York from Bombay centre 
in 1903. In 1904 at the age of 20, he passed M.A. Exams in 
Sanskrit, Philosophy, English, Mathematics, History & Science 
& secured the first position at the same time in all subjects. 
What a record of academic brilliance ! Later on, he became 
the principal of National College, Rajmahendri. But in 1911, 
he could not resist his burning desire of spiritual knowledge & 
practice. He resigned from the post and joined Sringeri Matha. 
There he studied Vedanta philosophy & practised Brahma 
Sadhana. 


After the marriage of his daughter and demise of his 
wife, he was initiated into the holy order of Sanyas at Varanasi 
by His Holiness Jagadguru Shankaracharya Shri Trivikram 
Tirth of Sharda peeth of Shrigeri on 4" July 1919. On this 
occasion he was given the new name, Swami Bharati Krishna 
Tirth. In 1921, he was installed at the throne of Jagadhuru 


( vii) 
Shankaracharya of Sharda Peeth, Shringeri. In 1925, he became 
the Shankaracharya of Govardhan Peeth of Jagannath Puri, 
Orissa, India. 


In Shringeri he studied all the Vedas. After research in 
Atharvaveda, he constructed sixteen mathematical formulae in 
Sanskrit. Obviously these formulae are not to be found in the 
present Text of Atharvaveda. They were actually constructed 
on the basis of intuitive revelation from the materials scattered 
in Atharvaveda. 


Later on, he constructed fourteen more formulae. These 
30 formulae, in all, form the basis of Vedic Mathematics (VM). 
He afterwards wrote sixteen volumes on VM. Unfortunately 
these volumes were lost in 1956. Even then Swamiji was not 
perturbed as all these volumes were stored in his memory. 


He delivered lectures on VM at Calcutta in presence of 
selected audience including well known mathematicians. At this 
instance, he was invited to lecture on VM in USA. In this tour 
he rewrote, from memory, a volume on VM which is presently 
available. 


In 1953, he founded an institution named ‘Shri Vishwa 
Punarnirman Sangha’ at Nagpur, (India) to promote VM, 
spiritual ideas and humanitarian services. After his return in 
1958 from USA and U.K. he delivered a series of lectures on 
VM in the premises of Nagpur University, which was largely 
attended by elite of society including mathematicians. From 
this instant, VM became known to the academic world. He 
visited many universities in India and propogated VM. 


Swamiji had been undergoing a terrific strain for more 
than five decades in devoting his body, mind, heart to the cause 
of service and humanity and revival of Vedantic ideas. His health 


(viii ) 
deteriorated and as a result he fell seriously ill in 1959. Finally 
he breathed last and took Mahasamadhi at Mumbai on 2" Feb. 
1960. 


Many great personalities were among his disciples. 
These include, Dr. Rajendraprasad, the first President of India, 
Ex. Chief Justice B.P. Sinha, then Finance minister & well 
known scholar in Sanskrit Dr. C.D. Deshmukh, Dr. V.S. Agrawal 
& Dr. Premlata Sharma, all professors of Banaras Hindu 
University, India. 


His winning personality, charming innocence, eager 
thirst of knowledge, religious zeal, belief in Vedas & Shastras, 
universal kindness, photographic memory were the virtues 
which worked as a magnet. 


He was a poet of uncommon merit. Praising the Guru & 
The Almighty, his book “Sanatana Dharma”, published by 
Bharatiya Vidya Bhavan, Mumbai, is well celebrated. 


Swamiji was a great Yogi, a high ranking personality 
and an ace mathematician. He was an admirer of a great poet 
Bhartrihari. He was a gifted scholar and a true Sanyasi. 


He was a prolific writer and eloquent speaker in English 
& Sanskrit also. Swamiji used to call VM as “mental” 
mathematics. 


The VM stated by Swamiji is not only magical, it is logical 
too. Full of short tricks & methods, VM deals will all basic 
branches of mathematics. 


May all the world benefit by of his life, so nobly, so 
spiritually & lovingly. May Swamiji’s holy spirit shower on the — 
world. 


( ix ) 
Ancient Hindu Mathematics 


India is the home of ancient-most civilisations and the 
Vedas are the storehouse of knowledge. These statements carry 
with them one message that many scientific ideas must have 
attracted the thinkers of another closed-by civilisations. Thus 
the history of science and technology gets drafted. The history 
with which we are familiar at present is the contribution of Ro- 
mans, Egyptians, Babylonians, Greeks and Greco-Romans. The 
contributions of Chinese sciences are now coming forth. Un- 
less systematic studies of Indian contribution to the history of 
science and technology is taken up in the ramification and dy- 
namics of scientific ideas, the present current history cannot be 
but an incomplete picture. 


Historically the host of Indian scientific ideas have in- 
fluenced the rest of the world. The knowhow of mathematics in 
India was of a very high order. “Ganeeta” occupied a subject of 
prime importance amongst Indian intellectuals. Numbers had a 
special appeal to the Indians of Vedic and post-Vedic periods. 
Yajurved Samhita and Panchvinsha Brahman contains the ter- 
minology of numerals in ascending decimal scale l. e. 
wr, at (10!) 

(10?) aex (10°) aaa = (10%) 

(10°) sa (10°) dz (10) 

(108) aq (10°) wa (10!) 

(10!) arf = (10!) 

It is interesting to note that the Greeks knew the highest 
term in fourth century B. C. as 10* (Myriad) and contemporar- 
ily Romans knew 10% as Mille. The Indians on the other hand 
did not stop at "rf (10!*) but they used to express numbers as 


aad 4 


(x) 

large as (10°%). The texts on mathematics, astronomy, geom-: 
etry like “Shulba Sutras”, “Kalpasutras” of Bodhayan, Vaghul, 
Apastambha, Hiranyakeshin (belonging to Taitariya School) 
need a special mention. With its 525 sutras in three chapters 
Bodhyan Shulbasutra is probably the oldest (7th Century B.C.). 
Both Apastambha and Bodhayan describe a square as the sum 
of two different squares (like 37+ 4?= 5’, 5?+ 12°=13?, 87+15°= 17°, 
T+ 247 = 257, 12?+ 35? = 37’, 15? + 367=39".) Katyayan states 
that if the sides of right angled triangle are a and a V2 then the 
hypotenuse is a V3. We can say that the pythagorean theorem 
has a origin in the shulba sutra. 


In the classical period and later we were fortunate in 
having mathematician. of the stature of Aryabhatt I (Sth or 6th 
century A.D.), Bhaskara 1 (7th century A.D.), Brahmagupta 
(7th century A.D.), Mahavir (9th century A.D.), Aryabhatt II 
(10th century A. D.), Shripathy (10th century A.D.), Shridhar 
(11th Century A.D.), Bhaskara II (12th Century A. D.). 


This is an attempt to quote the glorious scientific tradi- 
tion of our Bharat. This requires presentation of documents & 
has to be brought to the notice of our students. This book ful- 
fills these requirements. Such efforts are definitely directed to 
cater to the needs of our upcoming generation of mathemati- 
cians. On their behalf I express my heartfelt gratitude to the 
authors. 

- Rambhau Pujari, 


G.G. Joshi Shilp Sanshodhan Pratisthan, 
Nagpur, 
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PART (1) - ARITHMETIC AND ALGEBRA 


CHAPTER 1 
NIKHILAM SUTRA 


Deficiency from the base 


The base system is frequently used in Vedic 
Mathematics to reduce and simplify the computation 
work involved. 


The base is considered to be the powers of ten i.e. 
10,107, 103....... 


The multiples of power of ten, i.e. 10, 20, 30, ...... 100, 
200, 300, ....... etc. are also used as bases. These are 
known as sub-base or working base. 


Nikhilam method of multiplication and division always 
requires a number known as deficiency from base. 
Observe the following table showing the selection of 
base and deficiency from it. 


The number The base The deficiency 
110 100 10 
1002 1000 2 
99 100 -] 
995 1000 -5 


8 10 -2 


(2) 
Note :- (1) The deficiency is positive if the given number is 
greater than base and negative if smaller than the base. 


(2) The negative deficiency is indicated by bar over the number. 
eg. -5=5. 
Nikhilam Sutra can obtain the deficiency : 


‘Sutra: fARaay Taataay sere: 
(Nikhilam navatascaramamdasatah) 


( All from nine, and last from ten ) 


Ex. I. Find the deficiency of 96 from the base 100. 
Using Nikhilam Sutra we get, 
last from ten ....... (10-6)=4 
all from nine ....... (9-9)=0, 
Hence deficiency = 04. 


Ex. 2. Find deficiency of 874 from the base 1000. 
last from ten ....... (10-4) =6, 
all from nine ....... (9-7)=2 
9-8 =1, 
Hence deficiency = 126. 


Ex. 3. Find deficiency of 907 from the base 1000. 
Deficiency = 9 - 9|9-0|10-7=093. 


Note :- Nikhilam Sutra is not useful in finding the deficiency if 
the given number is greater than the base. 
Exercise: - 1.1 


Write the deficiency of following numbers from the correspond- 
ing bases. 
(1) 978 (2) 9984 (3) 106 (4) 988 (5) 10003. 


(3) 
1.2 Vinculum number: 


We have 19=20-1=21 27 =30-3=33_ 


48 =50-2=52 298 = 300 - 2 = 302 
Observe the new way of representing the numbers. The bar over 


the digits indicates the negative place value. 


e.g. (1) 234 Here place value of 3 is (- 30 ).Hence 
234 = 200 - 30+ 4= 174. 


(2). 2 41301 Here place value of 1 is (- 1000 ) 
_ and that of 3 is (- 300). 
Hence 2 413 0 1 = 200000 + 40000 - 1000 - 300 + 1 = 238701. 


Such numbers in which some digits have negative place 
values are termed as Vinculum numbers. Any number can be 
written in Vinculum form thereby avoiding digits greater than 
5. Thus if the number contain no digits greater than five the 
computation becomes so easier and faster. The Vinculum ap- 
proach is useful for addition, subtraction, multiplication and 
division and in developing multiplication tables. 


1.3 Use of Nikhilam Sutra in writing number in Vin- 
culum form. 


Ex. 4. Write 238 in Vinculum form. 
Steps 1. Mark the digits greater than 5. Here it is 8. 
2. Use Nikhilam Sutra for the digit 8. 
We have 10-8=2 
and increase 3 by one. Thus 238 = 2 4 Z 
Ex. 5. Write 3297016783 in Vinculum form. 
Steps 1. The groups of digits, which are to be converted in 


(4) 


1.4 


Ex. 6. 
Steps 1) 
2) 


Ex. 7. 


iS 
Ex. 8. 
Steps 1) 


2) 


Ex. 9. 


Ex.10. 
1.6 


vinculum form, are 1 (6, 7, 8 )&2 (9,7). 

From first group using Sutra we get : 
10-8=2,9-7=2, 9-6=3, 1+1=2 
Fromnsecodd soups 1027=3;9-9=0, 74123 
Thus 3297016783= 3 303 02 3 223. 


Conversion of negative number into vinculum 
form 


Convert - 38 into Vinculum form. 

We write - 38 = 038 

By Nikhilam Sutra we get, 

038 =0-1/9-3|10-8]| =162. 

Convert - 5696 into Vinculum form. 

We write -5 6 9 6=0 5 6 9 6=14304. 
Conversion of numbers in normal form. 
Convert 2 42 into normal form. 


Mark the digits which have negative place value i.e. 
bar over-head. 


Use Nikhilam Sutra and decrease 1 from 4. 

Thus 2 42 =2|4-1|10-2]=238. 

For 9 8903 = 9] 8 - 1|9-9|9 -0[10 - 3| = 97097 
For138 = 1-1 | 9-3] 10-8 |=062=62 


Multiplication Table and Vinculum 


Ex.11. 


Steps 1) 
2) 


3) 


Ex.12. 
Steps 
[2] 


Prepare a multiplication table for 19. 


Write 19 in Vinculum form : i.e. 19 = ZI 


The operator at unit’s place is 1 and 
digit at unit’s place is 9. Go on reducing 


this digit by 1. 
The operator at ten’s place is 2 and 


digit at this place is 1. Go on increasing 
this digit by 2. 
Thus we get a table for 19. 


Prepare a multiplication table for 87. 
[1] Here 087 = 113 


C29 
21 


19 


38 
57 


76 


95 
114 
133 
152 
171 
190. 


The operator at unit’s place is 3, at ten’s place I 


and hundred’s place 1. Thus multiplication table is : 


YOO OCNPWwWRNADW AY Ol 
OWNnonunwNle ANH 


Converting to normal form 


(6) 
Ex.13. 


Steps 1) 
2) 


Prepare a multiplication table for 8 9 7. 


897=1103. = 

The operator at unit’s place3, at ten’s place 0, at 
hundred’s placel and at thousand’s place 1. Thus 
multiplication table is : 


| 1 1 0 3 

0 8 9 7 
1 7 9 4 
2 6 9 al 
GB 5 9 2) 

= 3 5 8 8 
4 4 8 5 
5 3 8 2 
6 2 7 9 
7 1 7 6: 
8 0 7 3 
8 9 7 0. 


1.7 


Ex.14. 


Ex.15. 


Use of Vinculum in subtraction 

478 

= 3:25 
15 3 

If upper digit is greater, then write down the differ- 

ence directly. 
324 
- 276 


152 = 048 = 48 


Ex.16. 


Note :- 


18 
Ex.17. 


Note: 
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By writing the subtraction in Vinculum form we 
avoid 
“ borrowing the digit ” part. 


ADDITION 
Find 8985 + 2376 + 4889 + 3605 + 7512. 


As per the present method of the addition we begin 
to add digits from unit’s place downwards or up- 
wards. We write the carry digit ( if any ) over-head 
and then perform addition at ten’s place etc. 


But in Vedic method as the sum exceeds nine, in- 
crease the digit in left column by one by marking a 
star ( * ) over-head. 


The symbols used are 


8*=8+4+1=9, OF =0+1=1,9* = 94+1=0, carry 1 


Answer: 


8 9 8 5 

O* 2 3* thai 6 
4* 8* 8* 9 

3 0 5 

0* i bes 2 


(8) 
Exercise:- 1.2 


[A] Write the following numbers in Vinculum form. 
1)2837. 2) 9 8. 3)129. 

[B] Write the following numbers in normal form (Shudha 
Rupa ) 


1) 32104 21111. 33222 2. 


[C] Prepare multiplication table for. 


1)89 2)139 

[D] Convert the following negative numbers into Vincu- 
lum form. 
1)-38 2)-125. 3)-1236 


[E] Find the value of: 
1)73219- 18532. 
2)328+129+470+125+100. 
3)12367+5430-8249 


Answers:1.2 
[A] (1)3 2 43(2)102 (3)131 
[B] (1) 27904 (2)889 (3) 2778 
[D](1)162 (2)275. 


2.1 


2.2 


Sutra: 


Case 
Ex.1. 
Steps 


(9) 
CHAPTER 2. 


MULTIPLICATION 


Our present day “aprocedure of multiplication 
requires multiplication tables. But according to Vedic 
System the multiplication table above 5 are not 
required. Urdhava-Tiryak Sutra is the most general 
formula, which can be applied to all cases. But 
Nikhilam Sutra and its Upa Sutra can be applied only 
to special cases. First we discuss these special cases. 


Nikhilam Method: 


Paftacry sacar cera: Nikhilam 
navatascaramamdasatah 


( All from nine, and last from ten ) 
(I) When both the numbers are smaller than base. 
Find 9 x 8. 


(1 ) Select a base, which is nearest to: given num- 
bers. Here base = 10. 


(2) Subtract each of the numbers to be multiplied 
from base. ; 


Here 10-9=1, 10-8=2. These deficiency num- 


bers are written as shown. 
9° : oo. 
8 : 2 


(10) 

(3) Here numbers to be multiplied are smaller than the 
base hence these deficiency numbers are treated as 
negative numbers or bar digits. 


(4) We get the answer (product) in two parts. 
1) Right-hand part of the answer is “1x2=2. 


The number of digits in the right-hand part should 
be equal ton where 10" is base number. 


(5) The cross addition gives left-hand part of the an- 
swer. 
9+2=7 or 8+1=7 
Ex.2. Find 97x 88. Steps 
97 : 0 3. 1) Base=100= 102. 
88 ‘1 2 ~~ 2) 100-97=03, 100 - 88 = 12. 
85: 36 3) 03 x 12 = 36 
Ans: 8536 4) 97+ 12=85 or 88 +03 =85. 
Ex.3. Find 999 X 892. Steps 


999 : 001 1). Base = 1000 = 10°. 
g92 : 108 2) 1000 - 999 = 001, 
891 108 1000 - 892 = 108. 


891 : 108 3) 001 x 108 = 108 
Ans: 891108 4) 892+0 0 1=891 
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Ex.4. Find 88 x 85. Steps 
88 : 12  1)Base=100=10? 
85 1 5 = 2)100-88=12, 100-85=15 
73 : 180 3)1 2 x 1 5=180 
74 : ~80 Number of digits in the right-hand 
Ans 7480 part of the answer should be 2. 


The surplus digit ( 1 ) is cared over 
higher level to write 73 + 1 = 74. 


Case ( II ) When both numbers to be multiplied are greater 
than the base. 


Ex.5. Find112x109 Steps 


112° 3. "12 1) Base = 100 = 102. 
109 : 09 2) 112- 100 = 12, 109 - 100 =09. 
121 : 108 3) 12x09=108, 112+09=121 
122 : 08 4) 121+1=122 
Ans 12208. 

Ex.6. Find1001X1002 Steps 


1001 : 001 1) Base = 1000 = 10°. 
1002 : 002 2) 1001 - 1000=1, 
1003 : 002 1002 - 1000 = 2. 


3) 1x2=2, 1001 +002 = 1003. 
Ans 1003002. . 


(12) 
Right-hand part should contain 3 digits as the base is 100 hence 
we insert two zeros in this part. 


Case (IID) when one number is greater than the base and other 
is smaller one. 


Ex.7, Find115x98 Steps — 
115 : 1 5 1)Base=100=10? 
98 : 02. 2)115-100=15, 98-100=0 2 
113. : 30 3)15x 2=30 


98 + 15=113=115-2 
Ans 11300+ 3 0 =11270 


Ex.8. Find1027x998 ; Steps 
1027 : 027 1) Base=1000= 103 
998 : 002 2) 1027-1000=027 


998-1000= 0 0 2 


1025 : 054 3) 27x2=54, 1027-2=1025 
Ans 102505 4= 1024946 

Ex.9. Find115x88 Steps 
115: 15 1) Base = 100= 10? 
88 : 12 2)115-100=15, 88-100=12 
103 : 180 3)15x12=180, 115-12=103 


Ans (103-1): 80 or 88+15=103. 
= 10280 = 10120. 4) Surplus (- 1 ) is carried to left hand part. 
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Ex.10 Find 97 x 1001 Steps 


097 : 903 1)Base=1000=10?2 
1001 : 001 2)97-1000=903, 


98 : 903 1001 - 1000 = 1 


3)903x1= 9 0 3,97+1=98 
Ans 9890 3=97097 or 1001 - 903 = 98. 


2.3 Algebraic explanation of Nikhilam method 


Let the numbers to be multiplied be (x + a) and (x +b) 
where x is the base, and a , b are deficiencies from the 
base. 


Consider the product : 
(x+a)(x+b)= x?+xa+xbtab 
= x(x+at+b)+ab. 


Now by Nikhilum method we get X+a : a 
= (x+t+atb): ab 
According to the place value Ans = x(x+a+b)+ab. 


Note: The digit ‘a b’ is at unit place where as digit (x +a +b) 
is at next higher place. 
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2.4 Nikhilam and Anurupyena method 


Sutra : smypeaor ( anurupyena ) 
( Proportionately ) 


Ex.11. Find 53 x 55 


First we have to select a proper base which is nearer to 
both 54 and 55. We select the base 100. The deficiencies are 47 
and 45 respectively and thus the problem is not simplified by 
choice of 100. So some other base should be selected. The other 
bases are 10, 20, 30 etc. These bases are known as working 
bases or sub-bases. The Upa-Sutra Anurupyena helps in find- 
ing answer using working base. 


53 : 3. 1) Theoretical base = 100, 
55 eae Working base = 50 = 100 / 2. 


(1/2).58: 15 2) 53-50=3, 55-50=5. 
ie. 29 : 15 3) 3 5=15. 
Ans 2915. 4) (55+ 3)/2=28 =(53 + 5) /2. 
Note :- 1) Ratio of left-hand part of answers is (29/58 )=1/2. 
2) The ratio R = ( working base / theoretical base ) 
=50/ 100=1/2. 
3) Hence the Sutra is known as Anurupyena 


(Proportionately) 


Ex.12. Find 72 x 78 


72 s 2 
78 : 8 
7(x 80): 16 
560 ; 16 
Ans 5616 


Ex.13. Find 43 x 45 


43 : O07 
45 : OS 
1/2(38): 35 
19 § 35 
Ans 1935 


(15) 
Steps 
1) Theoretical base = 10, 


2) Working base = 70 


3) 72 -70=2, 78 -70=8, 
4)2x8=16 
5) Surplus ( 1 ) is carried 


to left - hand part. 


Steps 
1) Theoretical base = 100, 
2) Working base = 50 


3) 43 - 50 =07, 45 - 50=05, 
4)7x5=35. 


5) Left-hand part of the answer = 
(45 -7)/2= (43 -5)/2 


= 38/2=19. 


2.5. Algebraic explanation 


Let the theoretical base be x, working base be y and their 
ratio be R. so that y =Rx. Let a & b be the deficiencies from 
working base y. Hence the numbers are ( y + a) and(y +b). 
Consider the product (y +a).(y +b). 


(16) 
(y+a).(y+b) =(Rx+a).(Rx+b). 

R?x?+Rxb+Rxatab. 

Rx(Rx+a+t+b)+ab. 


Rx(y+a+b)+ab. 


Thus right-hand part of the answer is ab & left-hand 
part of the answer is Rx(y+a+tb). 


This algebraic explanation indicates : 
1). The right-hand part of the answer remains unchanged. 


2). The left-hand part of the answer is to be made pro- 
portionate ( Anurupa ) by multiplying by R. 


2.6 Ekanyunena Purvena Method. 
Sutra: weeps yor: ekanunen Purvena 
( One less than the previous ) 


This Upa-Sutra is used in the special case when the multiplier 
consists of all nines. 


Case 1. When multiplier contains equal or greater number of 
nines. 


Ex.14. Find 481 x 999 


Steps (1) By above Upa-Sutra left-hand part of the answer 
is 481 - 1 = 480. 


(2) Right-hand part of the answer is compliment of 
nine of each digit in left-hand part. 


Thus 9-4=5,9-8=1,9-0=9 
Hence left-hand part is 519. 
(3) Answer = 480519. 


(17) 
Ex.15. Find 578 x 9999. 


We write 578 x 9999 


= 0578 x 9999 
= 0577 | (9-0) | (9-5) | (9-7) | (9-8) 


= 0577 | 9422 
= 5779422 Answer. 


Case 2. When multiplier contains less number of nines. 


Ex.16. Find 327x 99. 
Steps (1) By above Upa-Sutra we get 327 - 1 = 326. 
(2) Put multiplier 99 to its right side. We get 32699. 
(3) Subtract 326 from 32699. 
We get 32699 - 326 = 32373. 


(4) Answer is 32373. 


2.7. Urdhva Tiryak Method 
Sutra: sed feeepary Urdhva tiryakbhyam 
( Vertically and crosswise ) 


This Sutra is most general ae applicable to all cases of 
multiplication. 
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Ex.17. Find 21x 14. 


Steps (1) 
(2) 
(3) 
(4) 


For unit’s place: 1x 4=4 
For ten’s place:(2x4)+(1x1)=9. 
For hundred’s place: 2 x 1 = 2. 


Answer = 294. 


Ex.18. Find 532 x 472. 


Steps (1) 
(2) 
(3) 
(4) 
(5) 
(6) 


For unit’s place: 2x 2=4 
For ten’s place : (3x 2)+(7x2)=20 
For hundred’s place : (5 x 2) +(4 x 2)+(7 x 3) =39 
For thousand’s place: (7x5)+(4x3)=47 
For ten thousand’s place : (5 x 4) =20 
The answer is 07904 

+ 24320 


251104 


The above steps can be written in short as follows : 


5 3 2 
x 4 7 p 


20 | 47 | 39 | 20 | 04 
= 251104 (Adding part wise ) 
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Ex.19. Find 1021 x 2103 


2147163 


Steps 

(lji1x3=3 

(2](3x2)+(1x0)=6 
(3](3x0)+(1x1)+(2x0)=1 
(4)(3x1)+(1x2)+(1x2)+(0x0)=7 
(5}(1x0)+(2x2)+(1x0)=4 
(6)(2x0)+(1x1)=1 

(7](1x2)=2 


Ex.20. Multiply 889 x 898. 
1 1 
1 


x 1 


Ol =! 
NI] 


1202322 
= 798322 
Note : 889=111land 898=1102 


2.8. Multiplication And Addition / Subtraction : 


Multiplication and addition can be performed simultaneously 
with the help of Urdhva Tiryak Sutra as explained by follow- 
ing examples. 
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Ex.21. Find (23 x 47 ) + (36x19) - (61x12 ). 


Answer : We write the structure as follows. 


23 36 61 


47 19 12 


(8+3-6)|( 14+ 12+27+6-12-1)|(21+54-2) 
=5|46| 73 
=1033 
Steps [1] (2x 4)+(3x 1)-(6x 1l)=5 
[2] (2 x 7)+(4 x 3)+(3 x 9)+(6 x 1)-(6 x 2)-(1 x 1) = 46 
(3] (3 x 7) +(6x 9) - (1x 2) = 73 
Ex.22. Find (145 x 273) - (301 x 52) 
Ans_ we write the structure as follows. 


145 301 


X 273 052 


(2 -0)| (7 +8 - 15)|(3 + 10 + 28 - 6)|(12 + 35 - 5)(15 - 2) 


=2|00|35| 42] 13 
=23933. 


Ex.23. Find (2431 x 36) + ( 342 x 1723). 


Ans we write the structure as follows. 


2431 0342 


Xx 0036 1723 


= 3|31|60] 64] 37] 12 
676782. 


Exercise: 2.1 


[A] Find the product by using Nikhilam method. 


[B] 


[C] 


[D] 


[1] 98 x 94 [2] 993 x 894 [3] 105 x 109 
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[4] 1003 x 1007 [5] 102x 97 = [6] 1014 x 989. 


Find the product by using Anurupyena Method 


[1] 68 x 62 [2] 39 x 43 [3] 71 x 73 

[4] 213 x 204. 

Find the product by using Ekanyunena method. 

[1] 56 x 99 [2] 4050 x 9999 [3] 315 x 999 
[4] 999 x 47 [5] 3248 x 9999 (6) 272 x9 
[7] 512 x 99 [8] 8125 x 999 


Find the product using Urdhva Tiryak method. 

[1] 54x21 [2] 103 x 214 [3] 65 x 
[4] 4531x2361 [5]979x212 

[6] 1004 x 3273 = [7] (23 x 32) + (43 x 51) 


37 


(22) 
[8] (120 x 14) - (52 x 23) 


[9] (24 x 28) + (52 x 39) - (61 x 15) 
[10] (224 x 58) + (327 x 512) - (1031 x 53) 


Exercise: - 2.2 


Find the product by using suitable method 
(1J8 12 [2] 98 105 [3]999 990 
[4] 100073 9999 [5]46 44 [6]999 249 
[7] 315 1005 [8] 378 999 [9] 32142 1232 
[10] 12543 124 | 


Answers 2.1 

[A] [1] 9212 [2] 887742 [3] 11445 [4] 1010021 [5] 9894 
[6] 1002846. 

([B] [1] 4216 [2] 1677 [3] 5183 [4] 43452 

[C] [1] 5544 [2] 40495950 [3] 314685 [4] 46953 
[5] 32476752[6] 2448 [7] 50688 [8] 8116875 

[D] [1] 1134 [2] 22042 [3] 2405 [4] 10607691 [5] 207548 
[6] 3286092 [7] 2929 [8] 3413 [9] 1785 [10] 125826 

Answers 2.2 


[1] 96 [2] 10290 [3] 989010 
[4] 100072899927 [5]2024 * [6] 248751 
[7] 316575 [8] 377622 [9] 39598944 


[10] 1555332 
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CHAPTER 3. 


SQUARES AND 
SQUARE ROOTS 


3.1 The method of finding the square and square roots of the 
number is based on duplex of the number so we first study 
the evaluation of duplex of the number. 


SUTRA : gaar: ( dvandvayogah ) ( Duplex ) 

The term Duplex means 

1. For single digit number a, D(a) =a? 

2. For double-digit number ab ,D(ab) =2ab. 

3. For three digit number abc, D(abc) =2ac+b?. 
4. For four digit number abcd, 


D(abcd) =2ad+2bDc. etc 


Illustrations:— 
1LD(3)=3? 
2.D (35 ) = (2) (3) (5) = 30. 
3.D (438 )=D (48 )+D(3 ) = (2) (4) (8) + 3? = 73. 
4.D( 1437 )=D(17)+D(43)= 
(2)(1)(7) + (2)(4)(3) = 38 


( 24) 
5. D (93241) =D(91)+D(34)+2?.=18+24+4=46. 


3.2 Square of the number 


To find the square of the number, we add the duplex of 
digits therein successively, part wise. 


Illustrations: — 
[1]}3? =D(3)=9. 
[2] 35? =D(3)|D(35)|D(5)=9]| 30] 25 = 1225. 
(3] 47.12=D(4)|D(47)|D(471)|D(71)|D(1) 
= 16 |56|57|14|01| =2218 .41. 


(We ignore for a while the decimal point to calculate the 
Duplex). 


[4] 5032? = 25 | 00|30| 20] 09| 12 | 04 | = 25321024. 


3.3 Checking Method 
We check the answer by Beejank method. 
In Ex. 2, Beejank of 35=B(35)=3+5= 8 and B (87) = 1 
similarly 


B (1225) = 1.As the Beejankas are same the answer may 
be correct. 


3.4 Special Cases. 
Case 1 :- Sutra : wag maging af 2 aeriq 


Lessen the deficiency from the base (selected) to find the 
square. 
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Ex.1. Find the square of 94. 


[1] We select the base as 100. 

[2] 100 - 94 =6. 

[3] Hence 94 - 6 = 88 is right hand part of the answer. 
[4] (6)? = 36 is the left-hand part of the answer. 

Thus 947= (94-6)|(6)? = 88 | 36 = 8836. 


Ex. 2:- 872=(87-13)|( 132) 
= 74 | 169 = 7569 { Part wise addition }. 


Ex. 3:- 103? =( 103 -(-3))|(-3)? = 106 | 09 = 10609. 


Algebraic Explanation :- Let given number be ‘a’ and 
nearest base is ‘b’. Let deficiency from the base is x ( x 
may be +ve or - ve ). 


Now a=b+x gives 
a2 =(b+x)?=b?24+2bx4+x? =b(b+x+x)+x? 


Hence a? =b(a+x)+x7?. 


Case 2 :- Sutra - wart qafor 


This method is applicable to find the squares of the num- 
bers ending in 5 only 


Ex. 1:- (65 )?=6(6+1)|5?7=42| 25 = 4225. 

Ex. 2:-( 105 )?=10(10+1)|]5?=110| 25 = 11025. 
Algebraic Explanation :- Let given number be 10 a+ 5. 

Then (10a+5)? =100a?+ 100a+5*=100a(a+1)+25. 
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EXERCISE: 3.1 


[A] Find the squares of the following numbers by Duplex 
Method and check the answers. 


[1] 47 [2] 324 [3] 24.03 [4] 7813 
[5] 61058 [6] 98997 = [7] 123456 [8] 68.31 
[9] 212.4 [10] 889.9 


[B] Find the square by Yavadunum Method. 


[1] 98 [2] 101 [3] 89 [4] 1002 
[5] 998 [6] 100003 [7] 9988 
[C] Find the square by Ekadhikena Method: 
[1] 85 [2] 205 [3] 55 [4] 1005 
[5] 995. 


ANSWERS 3.1 
[A] [1] 2209 [2] 104976 [3] 5774409 [4] 61042969 
[5] 37280793646 [6] 98004060097 
[7] 15241383936 [8] 4666.2561 [9] 45113.76 
[10] 791922.01 


{B] [1] 9604 [2] 10201 [3] 7921 [4] 1004004 
[5] 996004 [6] 10000600009 = [7] 99760144. 


(C] [1] 7225 [2] 42025 [3] 3025 [4] 1010025 
[5] 990025. 
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3.5 Sums And Differences Of Squares. 


We have already studied the method of finding squares 
of numbers by 


* Duplex Method ‘. Same duplexes are useful in finding 
sums and differences of squares of numbers when 
arranged in proper structure. 


~ 


Case 1: 


Ex. 


Sums of the squares. 


Method :- Add place wise the duplexes of digits of num- 
bers, whose squares are to be added or subtracted. The 
method is explained by following examples 


{1] Find 24’ + 137. 


Ans. We write duplexes for 24’ and 13” place wise as 
shown. 


24+137 = 4 16 16 
+ 1 6 9 


Now We add sum of the duplexes 5| 22 | 25 part wise, 


hence 


24413°= 745. 
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Ex.[2] Find 89° + 687. 
By Vinculum we write 89 = 91 , 68 = 72. 


Now (91)? + (72) = 81 18 01 
+ 49 28 04 
130 46 05 


Adding part wise we get: 1 3465 =12545. 
Hence 89° + 68° = 12545 


Ex.[3] Find 232’ + 430°. 
232°+430 = 04 = 12. 17 12 04 
+ 16 24 09 00 00 


200 36 4«=26—S—t—‘i;*é«C 


Adding part wise we get 232’ + 430° =2 38724 


Case 2: Difference of squares 
Ex.[4] Find 73° - 41°. 
73°-417 = 49 42 09 


( 29) 
Adding part wise we get : 33 | 34 | 08 = 3648 
Hence 73° - 41°=3648. 


Ex.[5] Find 5412’ - 3016’. 
5412? - 30167 = 25 40 26 28 17 0404 
- 09 00 06 36 O1 1236 
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Adding part wise we get: 2 0 213 5 
Hence 5412’ - 3016°=20193488. 


Exercise: 3.2 

Find the value of :- 
[1] 322+712 [2] 42? + 632 [3] 1037+ 210? +314? 
[4] 232 + 1162 + 89? . 
[5] 23052 + 41082 + 3712 = [6] 782-35 
[7] 4052 +58? -216? [8] 612 - 43? 
[9] 1304? + 261? -719 
[10] 3152 - 712? +531? 


Answers: 3.2 


{1} 6065 [2] 5733 [3] 153305 
[4] 21906 [5] 22326330 [6] 4859 
[7] 120733 [8] 1872 [9] 1251576 


[10] - 125758 © 
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3.6 


Ex.1:- 


Step. 


Note : 


Step 2. 


Step 3. 


Step 4 


SQUARE ROOTS 


We explain the method of finding the square roots by 
examples. 


Find the square root of 552049. 


The table of operations is as follows. 


Remainder line 66200 
Given number 55/20 429 
Divisor 14 

Answer line 71/4 300 


We group the digits of the given number in pairs 
from right to left as 55 | 20] 49. 


The left most group may contain one digit. 
Find the number whose square is nearest to left most 
group. 


Here 7? = 49 is nearest to 55, hence 7 is the first 
digit in the answer line, 55 - 49 = 6 is the first digit in 
remainder line and ( 2 x 7 ) = 14 is divisor. 


Considering remainder 6 and next digit of given 
number i.e. 2, we get the dividend 62.This 62 / 14 
gives Quotient Q = 4 and 


Remainder R = 6. 


Now 60-D(4)=60- 16 = 44. And 44 / 14 gives 
Q= 3 and R= 2. 


G35) 
Step 5. 24 -D( 43 )=24-24=0. And 0/ 14 gives Q=0 
and R=0. 


Step 6. 09-D(43 0 =9-9=0. And 0/ 14 gives Q =0 and 
R=0. 


Step 7. There are three groups in the given number, hence 
decimal point in the answer is placed after three 
digits counted from left. 


Answer : The square root of 552049 is 743 .00 


Ex. 2. Find the square root of 2142. 


The table of operations is as follows. 


Remainder line 5 6710 TZ 
Given number a. (aS 2 ep 
Divisor 8 

Answer line 46281 


_ Step 1. Group the digits as 21 | 42. Now 4 ? = 16 is nearest 
- , to2] 


Hence 4 is the is first digit in answer line, first remainder 
is 5 and divisor is 8. 


Step 2. 54/8 gives Q=6 andR=6. 
Step 3. 62-D(6)=62-36=26, and 26/8 gives Q=2 and R=10. 


(Note the choice of Q and R to avoid negative divi- 
dend. ) 
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Step 4. 100 - D (62 ) = 100 - 24 = 76, and 76/8 gives Q=8 
and R = 12. 


Step 5. 120 - D ( 628 ) = 120 - 100 = 20, and 20/8 gives Q = 
1 and R = 12. 


(The procedure can be continued up to desired num- 
ber of decimal places.) 


Answer :- The square root of 2142 is 46. 281..... 


Ex. 3 :- Find the square root of 0. 16384. 


The table of operations is as follows. 


Remainder line 036 8 
Given number O|1 6/3 840 
Divisor 8 

Answer line 0140477 


Step 1. When integer part is zero, we group the decimalpart 
from left to write as 0. | 16 | 38 | 40 .... Now 4 = 16 is 
nearest to 16, hence 16 - 16 = 0 is first divisor. Re- 
maining procedure is same. 


Answer :- The square root of 0.1638 is 0.4077 


Ex. 4:- Find the square root of 17956.234 


The table of operations is as follows. 


Remainder line | 0124100 
Given number 1{798 622 4 
Divisor 2 


Answer line 11/3 4000 8 -- 
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Note:- Group the integral part of given integer as 1 | 79 | 56 


.Remaining procedure is same as above. 


Answer:- The square root of 17956. 234 is 139. 0008—— 


3.7 Square root ( Special Case ). 


SUTRA : facta ( vilokanam ) ( By Observation ) 


The square root of the number, which is perfect square, 


and comparatively smaller one, can be well judged by 
observations 


and then can be confirmed by Beejank method . We 
study this method. 


Observations :- 


[1] 


[2] 


(3) 


[4] 


The square of the number, with Right Most Digit ( 
RMD )1or9 has RMD 1. Conversely the square 
root of the number, with RMD 1, has lor 9. 


Similarly square root of the number with RMD 4 has 
2 or 8 as RMD. 


Square root of the number with RMD 5, has 5 as 
RMD, with RMD 6 _has 4 or 6 as RMD, and with 
RMD 9 has 3 or 7 as RMD. 


No perfect square number has 2, 3, 7, and 8 as RMD. 


(34) 
Method :- To find square root of given number 


Steps: 


[1] We break the given number into two parts such that 
right most part 


(RMP ) should contain only two digits. 


[2] By observing right most digit of RMP, fix the likely 
right most digits 


of the square root with refer to observations above. 


[3] Fix the number whose square is nearest less to the 
left most part ( LMP ). 


[4] Guess the likely square root from Step 2 and 3. 


[5] Confirm the answer by Beejank method. 


Illustrative examples 
Ex.1:- Find square root of 8281. 


Steps:- 
[1] We divide the given number into two parts ( 82 | 81 ) 


[2] As right most digit in RMP is 1, right most digit in 
the square root is either 1 or 9. 


[3] 9 is the number whose square 81 is nearest less to 
LMP 


[4] 
[S] 
(6] 
[7] 
[8] 
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Hence square root of ( 8281 ) is either 91 or 99. 


Now B(8281) = 1, 


B{(B(91)]}2} =B{[1]2} = B{1} =1, 


B({[B(99)]}2} = B((9]2} = B(81} =9, 


From Step 4 and 6 we confirm that square root of 
given number is 91 


Ans :— Square root of 8281 is 91. 


[A] 


Exercise 


Find Square roots of the following numbers and 
check the answers 


[1] 1936 [2] 20736 (3] 2199289 
[4] 9641025 [5] 543 [6] 14535 
[7] 547.56 [8] 78.5938 [9] 0.016384 


[10] 0.00996. 


[ B ] Find the square root by observation only 


[1] 784 [2] 10609 [3] 5776 


[4] 18225 
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Answers 
[A] [1] 44 
[4] 3105 
[7] 23.397 
[10] 0.0997. 
[B] [1] 28 


[4] 135 


[2] 144 
[5] 23.3023 
[8] 8.8653 


[2] 103 


[3] 1483 
[6] 120.561 
[9] 0.128 


[3] 76 


( 37) 
CHAPTER 4. 


CUBES AND 
CUBE ROOTS 


4.1 In this chapter, we shall study how to evaluate cube of 
two digit number, (only) with the algebraic formula (a+b)?. 
The use of Vinculum numbers ease the calculations. 


4.2 Method 
1) Wehave(a+b)*=a?+3a’b+3ab*+b3. 
2) For any two digit number x y, 


we assume x as digit at ten’s place and y as digit at unit 
place. 


3) We write the structure as follows. 
Cry SK xy xy? y° 
+ ~ | Qx2y 2xy ? 


x? | 3x *y 3xy ? y? 


4) We add column wise first and then part wise. For two- 
digit number each part will contain one digit 
Note :- 


Number]1121314/5 | 6 a 8 9 
Cube |1 | 8 | 27 | 64/125 | 216 | 343] 512 | 729 
Ex. 1) Find (14)3. 


Ans. : We write the structure as follows. 
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we oe we on we a on rn a we on we en on en we oe ee en nner 


= 01 12 
= 01/2|8|4 
= 01|4|6| 


= 27 44. 


Ex. 2) Find (92 )°. 


Ans. : 


923 = 729 


women ww ewww wow mw owe owen ee 


= 778 


16 64 
32 
48 64 


Base = 10 hence each part contains 


one digit. Remaining are carried. 


We write the structure as. 


162 36 08 
324 72 


6 8 8 
0 0 
6 8 8 


by adding part wise. 


Ex. 3) Find (55 )?°. 


Ans. : We write the structure as. 


55° = 125 125 

+ 250 

= 125 375 
166375 


4.3 Special case :- 
Sutra:- aragiqy Yavadunam 


(3°) 


125 125 
250 
375 125 

by adding part wise. 


(whichever is deficient) 


When the numerator is nearer to the base 10,100,1000 
etc the cube can be evaluated by upa-sutra 


“Yavaddunam”’. 


Let (x +a) be a number, where ‘x’ is a base which is 
power of 10, and ‘a’ is deficiency, (may be+ve or -ve ). 


Now 


(xta)? = x34+3x?2a+3xa7+a?3 


x ?(x +3a) + 3xa? +a? 


x 7[(x +a) + 2a] +x 3 a?+a? 


Thus [1] (x +a)? =|(x+a)+2a|3a?|a? part wise 


[2] Add Part wise. 


Note - If base is 10 " then second and third part contains n 


digits. 
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Ex.1. 


Ex.2. 


4.4 


(1) 


(2) 


(3) 


153 = (1045)? 
=| 154+(2x5)| 3x25] 125 
=| 25|75|125 Base = 10 
= 25|5|5 
72 
1 
= 3375 


973 = (100 -3 )? 


=| 97-2x3]3x(-3)?| (-3)3 


= 91| 27| 27 Base = 100 
= 912673 


The Cube Roots 


In this section, we shall study how to find cube root of 
given perfect cube number whose cube root is two-digit 
number. This is a special case. We first study the follow- 
ing observations :- 


If the last three digit of number are all zeros, then cube 
root contains only one zero at its unit place. 


If Beejank of any number is 1, 8 or 9 then only it is per- 
fect cube number otherwise not. 


For example : 8000 is perfect cube because B( 8000 ) = 8. 
but 14000 is not a perfect cube because B( 14,000 ) = 5. 


If the digit at unit’s place of given number is 1, 4, 5, 6 or 
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9 then cube root of this number has 1, 4, 5, 6 or 9 at its 
unit’s place respectively. 


4) If the digit at unit’s place of given number is 2, 3, 7 or 8 
then cube root of this number has 8, 7, 3 or 2 ( comple- 
ment of 10 ) respectively at its unit’s place. 


5) Remember the following table :- 
Number ala 3 4 ls 6 1s 9 ho 


Cube 148 27 64 has 216 343 |}512 729 004 
Soren 9 [1 |e eh] 
4.5 Method of Finding Cube Root 


Steps: - 


1) | Group the number as three digit group from unit’s place 
and onwards to left. 


Examples :- Numbers Groups 
a) 68921 68, 921 
b) ‘19683 19, 683 
c) 148877 148, 877 
d) 614125 614, 125 
e) 8000 8, 000 


2) Observe the digit at unit’s place of given number and se- 
lect the digit at unit’s place of cube root with the help of 
observations (1) to (4). 
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3) 


a) 
b) 
c) 
d) 


e) 


a) 
b) 
c) 
d) 


e) 


Number 
given 
68921 
19683 
148877 
614125 


8000 


Digit at Digit at 


unit’s place 
of number 


1 


3 


Digit at Digit at 
unit’s place 
of cube root. 
1 


‘i 


Locate the nearest lower or equal perfect cube number of 
left most group number from table (5) and write its cube 
root. This value is ten’s place of required cube root. 


Number 
given 
68921 
19683 
148877 
614125 


8000 


Left most 
group 


68 


Nearest lower / Its 


equal perfect cube 


cube 
root. 


4 


2 


5 


4) 


5) 


The cube root of given number is : 
Cube Root 


Number 
a) 68921 
b) 19683 
c) 148877 
d) 614125 


e) 8000 


4l 


27 


20 


(43 ) 


We check the result by Beejank Method. 


Steps: - 


1. Find Beejank of given number. 


2. Find Beejank of cube of Beejank of answer. 


3. If these two Beejankas are equal then the answer is 


correct. 


Given Its 
Beejank 


Number 
68921 8 
19683 9 
148877 8 
614125 I 


8000 8 


Cube 
Root 


41 


27 


53 


85 


20 


its 


5 


9 


8 


Beejank of 
Beejank cube of Beejank. 


B( 5°) =B(125) =8 


B( 9°) = B(729) = 9 


B( 8) = B(512) =8 


B( 4?) =B(64) =1 


B( 2?) = B(8) 


8 
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Exercise :-4.1 Find the Cube Root. 


(1) 64,000 (2)9261 (3) 830584 (4) 5832 
(5) 10648 (6) 103823 (7) 125,000 (8) 3375 
(9) 32768 (10) 97336 


Answers :-4.1 

(1) 40 (2) 21 (3) 94 (4) 18 (5) 22 (6) 47 (7) 50 (8) 15(9) 32 
(10) 46 

Exercise :-4.2 Find the cubes of following numbers. 
[1]. 12 [2) 34 [3) 46 [4) 27 

[5] 6l (6) 57 [7] 78 [8] 83 

[9] 93 [10] 66 


Answers :-4.2 

(1). 1728 (2]}39304 [3] 97336 

(4) 19683 (5) 226981 [6] 185193 
(7]} 474552 [8) 571787 [9} 804357 
(10) 287496. 
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CHAPTER 5. 


DIVISION 


5.1 (Nikhilam Method ) 


This method is suitably applied for those divisors which are 
nearer to the numbers 10', 102, 103, 10% ..... which are known 
as the base numbers. 


The method is explained by examples. 
Ex. (1) Divide 12311 by 9. 
Steps: 


{1] Dividend, divisor and difference of divisor 9 from base 
10 equal to lis written as shown in table. 


(2] Draw remainder line so that number of digits on its right 
side should be equal to number of zeros in the base. 


9 122 i 1 
1 13 0 a 
Lam 7 8 


(3] Remaining procedure is similar to synthetic division. 
(a) Left most digit 1 as it is. 


(b) 1 x1l=1,2+1=3 
(c)1x3=3,3+3=6 
(d) 1x6=6,6+1=7 
(e)1x7=7,7+1=8 
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Thus Quotient Q = 1367 and Remainder R = 8. 


Ex. (2). Divide 1513 by 97 
Steps: [1] Divisor is 97, base = 100, Difference = 03. 
Note :-Here difference is considered as two-digit number. 


[2] The division is performed as shown in the table. 


Ans : Quotient = 15, Remainder = 4]18 = 58 (Adding 
part wise ) 


Ex. (3) Divide 2133 2 Iby 89 8. 
Steps [1] Base 1000.Difference from base 102. 


Zz 3. 6 13 8 
= 1393 ( Adding part wise ). 


But as the divisor is 989 , the remainder can not be more 
than 898. Therefore repeat the same process for 1393. 


898 l > 9 3B 
102 1 0) 2 
1 4. 2 5 
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Ans :Remainder = 495, Quotient = 236+ 1 = 137. 


Ex. (4) Find 300000 =~ 8998 


8998 3 0 0 0 0 0 
1002 
3 0 0 6 
3 0 0 6 
| $3 3 0 6 6 
Thus Remainder = 3066 and Quotient = 33. 


5.2 
(1) 


(2) 
(3) 


5.3 


Advantages of Vedic Method 


The current method is of a trial and error type as well as 
tedious and time consuming also. But in Vedic method, 
the bigger the digits the smaller will be the required com- - 
pliment (from 9 or 10 as the case may be ). 


There is no subtraction at all. 


We have to multiply by single digit to single digit. In other 
words 


9x9=81 isa multiplication that one has to perform. 


Limitations of Nikhilam Method 


(1) Nikhilam method is not suitable for divisor having smaller 


(2) 


digits because 


compliment will have bigger digits, which is not favor- 
able to speedy computations . 


For smaller divisors “Paravartya” formula is used which 
is discussed below 
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Paravartya Method:- 


5.4 Paravartya method is used when the divisor is greater 
than but nearer to the base. 


Sutra : Paravartya yojayet 
( Transpose and apply ) 


Ex. (5)134+ 12 
Here divisor is 12 which is nearer to 10 hence assume base 


as 10. 
Now by sutra we get - 2 as modified divisor. The dividend, 


divisor, quotient and remainder are written as shown in the 


table. 


12 1 3 4 
| ee 2 
| 1 1 | 2 
Thus Quotient = 11 and Remainder = 2. 
Ex. (6) Find.239479 + 11203 
Base = 10000 = 10° 
112-23 a BS 29 4 7 9 
1203 
el 4026 
tT 2 OG 2 
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Thus Quotient = 21 and Remainder = 4216. 


Urdhva Tiryak Method 


5.5 Now we will study the Vedic method of division of num- 
bers, which is called Straight division method. This method 
can be described as one of the best contribution of Swamiji 


SUTRAS :- {1} ¥auiia: 
{2 }orecterr=Try 


5.6 Meaning of Flag digit /s (FT) 
and Operative divisor (O.div.) 


1. For single digit divisor, FT does not exist and O.div. is 
given digit. ; 


2. For double-digit divisor, FT is digit at unit’s place and 
O.div. is digit at ten’s place. 


3. For triple and higher digit divisor, O.div. is digit at 
highest place and remaining digits are considered as 
flag digits. 


Method of division 
5.7 Divisor with no flag digit 
Note :- 


ND = Net dividend, GD = Gross dividend, Q = Quotient, R = 
Remainder. 
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Ex. (7). Divide 2449 by 6. 


The table of operations is as follows. 


R. line 2 0 4 1 4 
O.div. 6 

Dividend 2 4 4 9 0 0 
Q= 0 4 0 8 1 6 


Steps [1] 2/6 gives Q = 0 and R = 2, then GD = 24 and ND = 24. 
[2] 24/6 gives Q =4 and R = 0, then GD = 4 and ND = 4. 
[3] 4/6 gives Q =0 and R = 4, then GD = 49 and ND = 49 
[4] 49/6 gives Q=8 andR=1. 
Thus Q=408 and R=1. 


To find the answer up to two decimal places ( say ), we insert two 
zeros in dividend and same procedure is continued. 


Thus Q = 408. 16 
5.8 Divisor with one FT. 
Ex. (8). Divide 45304 by 42. 


The table of operations is as follows. 


R. line 0 3 5 4 
FT 2 
O.div. 4 


Dividend 4 5 3 0 4 
Q= 1 0 7 8 
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Steps 


[1] 4/4 gives Q= 1 and R=0, then GD =05 and ND=5 - (2x 
1)=3 


[2] 3/4 gives Q=0 and R =3, then GD = 33 and ND = 33 - (2 
x 0) = 33 


(3] 33/4 gives Q=7andR=5, 

(Q and R are selected so as to ayoid negative ND) 

then GD = 50 and ND = SO - (2 x 7) = 36. 
[4] 36/4 gives Q =8 and R =4, [ Note Q and R J then GD = 44. 
[S} 44-(2x8)=28. 


Thus Q = 1078 and R = 28. 


Ex. (9). Divide 735427 by 58. 
The table of operations is as follows. 


We modify the divisor as 58 = 6 2 


R. line 1 3 3 4 2 
FT 2 

O.div. 6 

Dividend 7 3 5 4 2 7 
Q= i - f : 2 . 6 7 9 / 
Steps: - 


{1] 7/6 gives Q=1 and R = 1, then GD = 13, ND= 
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13-(2 x1)=15. 


(We add the cross product of FT and Q digit because FT is 
2) 


[2] 15/6 gives Q =2 and R = 3, then GD = 35, ND 
= 35-(2x2)=39. 

[3] 39/6 gives Q =6 and R =3, then GD = 34, ND 
= 34-(2x6) =46. 

[4] 46/6 gives Q=7 and R =4, then GD = 42, ND 
= 42-(2x7)=56. 


[5] 56/6 gives Q=9 and R = 2, then GD = 27, ND 
=27-(2x9)=45. 


Thus Q = 12679 and R= 45. 
5.9 Divisor with two or more FTs 


When flag digit place contains two or more digits, we 
subtract the cross product of flag digits with quotient digits 
from GD to find ND. 


The procedure is explained by following two examples. 


Ex. (10). Divide 1516924 by 631. 


The table of operations is as follows. 


R. line 1 i) 1 4 1 0 
FT i 
O.div. 6 


Dividend 1 5 i ¢@ 8 2 4@ 
Q= i. 2 4 0 4 


53 
( Here flag digit place contains two digits ) 
Steps: 
[1] 1/6 gives Q=0 and R=1, then GD=15, ND=15-(0 x 3)=15. 
[2] 15/6 gives Q =2 and R =3, then GD = 31, 
ND =31 -[ (0x 3) +(3x2) ]=2S. 
(3) 25/6 gives Q=4 and R = 1, then GD = 16 and 
ND = 16-[(2x 1) + (3x4) ] =02. 
[4] 02/6 gives Q=0 and R =2, then GD = 29, 
ND =29 -[(4x 1) +(3x0)]=25.. 
[5S] 25/6 gives Q=4 and R = 1, then GD = 12. 
ND = 12-[(0x1)+(3x4)]=0. 
Step 6: 04-[(4x 1) =0. 
Thus Q = 2404 and R=0. 


Ex. (11). Divide 3141. 53 by 2641 


The table of operations is as follows. 


2641 = 3441 
Remainder line. 0 2 0 ie Fs 
FT 441 
O.div. 3 
Dividend 3 1 4 1 S 3 


Q= it tt & @ & 


(54) 
Steps 


[1] 3/3 gives Q=1 and R =0, GD =01, ND=01-(1 x 4) =5S. 
(2] 5/3 gives Q=1 andR=2, GD= 24, 
ND = 24-[(1x4)+(1x4)]=24. 
[3] 24/3 gives Q=8 and R =0, then GD =01, 
ND=1-[((8 x4)+(1x4)+(1x1)]=28. 
[4] 28/3 gives Q=9 and R= 1, then GD =15, 
ND =15-[(9x 4) +(8x4)+(1x1)]= 18.etc. 


Thus Q = 1.1895 ..... 


EXERCISE 5.1 

(A) ‘Divide by Nikhilam method 
(1] 123 by9 [2] 135 by7 [3] 12123 by 88 
[4] 13532 by 988 


(B) Divide by Paravartya method 
[1] 214 by 14 [2] 11111 by 1012 [3] 


(C) Divide by Urdhva Tiryak method. 
[1] 573 by 7 [2] 5325 by 40 [3] 823.52 by 8 
[4] 4853 by 23 [5] 1717632 by 48 [6] 48985 by 83 
[7] 5184 by 324 [8] 55753 by 439 [9] 1064321 by 743 
[10] 46315 by 1054 [11] 97531 by 1818 
[12] 879540 by 3210 [13] 975311 by 16333 
[14] 24379159 by 7143 


(Find remainders and hence answer to three decimal places 
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wherever possible ) 

ANSWERS 

(A) [1] Q=13,R=6 [2] Q=19,R=2 [3] Q= 137, R =67 
[4] Q= 13, R=688 (B) [1] Q =15, R=4 [2] Q=10, R=991 

(C) [1] Q=81, R=6 [2] Q= 133, R=5 [3] Q= 102.94 
[4] Q=211, R=0 [5] Q=35784, R=0 [6] Q=590, R= 15 
[7] Q= 16, R=0 [8] Q= 127, R=0 [9] Q = 1432, R = 345 
[10] Q= 43.9421 [11] Q=53..647 [12] Q=274,R=0 
[13] Q=59, R = 11664 [14] Q = 3413.0139 

5.10 Special Cases 


The numbers can be simultaneously added, subtracted 
and then divided by given number, by applying the procedure 
similar to straight division method. Only difference is that ad- 
dition or subtraction is worked out from left to right with proper 
adjustment of carry digit . 


Illustrative examples: - 
Ex. 12 :— Find (64 + 43 + 25 )/4. 
Ans: We write Steps 
6 4 1] 6+4=2=12 
+ 4 3 2] 12/4:Q=3,R=0. 
46 + 2 5 3) 44345=12 


4] 12/4:Q=3,R=0. 


Ans :- Q=33, R=0. 
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Ex. 13 :- Find (532 + 371 +625 -294)/ 7. 


Ans: We write Steps 
1]}5+3+6-2=12. 
50 40 2) 12/7: Q=1R=5. 
5 3 2 3] carry ‘5’ to next right 
3 ST 1 column gives “ 50 ‘. 
+ 6 2 5 4] 50+3+74+2-9=53 
We- 2 9 4 2 5)53/7:Q=7R=4. 


6]40+2+1+5-4=44. 
1 7 6 7) 44/7: Q=6R=2. 


Ans :Q=176,R=2. 


Remark : - Above method is very effective in finding mean or 
average of given set of the numbers 


Ex. 14 :- Find the value of (5319 - 2523 + 1608 - 1324 )/ 51. 


Ans. -_ 
30 «10 ~=—:10 
5 3 1 9 50 20 
2 5 2 8 
1 + l 6 0 8 
Bde Oe 
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Steps 

[1] 5-2+1-1=3, 3/5 gives Q=0,R=3 
[2] 30+3-5+6-3=31 

[3] 31-(1X0)=31 31/5 gives Q=6,R=1 
(4) 10+1-2+0-2=7, 

[5S] 7-(1X6)=1 1/5 gives Q=0,R=1 


(6) 10+9-3+8-4=20 
Thus Q = 60, and R= 20. 
If division is continued we get 
[7] 20-(1X0)=20 20/5 gives Q=3 ,R=5 (Note) 
[8] S50-(1XK%3)=47 47/Sgives Q=9,R=2 
[9] 20-(1X9)=11 11/S gives Q=2,R=1, etc. 
The answer is 60.392 


EXERCISE 5.2 

Find the value of :— 

[1] (57 + 81 )2 [2] (6945 +5937 + 3453 )5. 
[3] ( 428 + 213 - 378 )4 [4] ( 4538 + 3250 - 2389 )5 
[5] (35 + 63 + 40 )23 [6] (457 +258 - 179 )22 


[7] (427 + 1309 -532 -221 + 947 )83 
[8] ( 1012 + 831 - 317 + 2454 )29. 


[9] Find the mean of :— 54, 46, 48, 50, 47 up to two decimal 
places. 
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[10] Find the mean of : - 134, 132, 137, 136, 138, 133 


{ Find answers up to three decimal places, wherever possible } 


"ANSWERS 

[1] 69 [2] 3267 
[3]Q=65,R=3,65.75 [4] 1079.8 
[51Q=6, R=0 [6] Q = 24. 3636 
[7] Q=23,R=21 [8] Q= 137, R=7 


[9] 49 (10) 135. 
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CHAPTER 6. 


DIVISIBILITY 


6.1 We have the standard rules for divisibility by 2, 3, 4, 5, 
and 11. But our secondary school textbooks do not suggest 
any divisibility tests to decide whether an integer is 
divisible by 7, 13, 17, 19, 23, 29, 31 etc. Vedic 
Mathematics gives method to determine beforehand 
whether a certain given number (however large it may 
be) is divisible by given divisor. 


To understand the method one should get acquainted with 
the following concepts, 


1) PETE, PENG RB, PEG lA Fei. 
that is, osculator, osculation and osculation result. 
2) Different types of osculators :- 
P :- Positive Osculators. 
Q :- Negative Osculators 
P :- + ve Osculator covering one digit. 
P : +-ve Osculator covering n digits. 
Q ,:- - ve Osculator covering one digit. 
Q_:- -ve Osculator covering n digits. 
u digit in unit’s place. 


T+: digit in ten’s place. 


6.2 About Osculators (Veshtanank ). 


Osculator is parameter obtained from divisor, which is 
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6.3 


the basic requirement for divisibility. Osculators do not 
exist for even integers. 


To determine positive Osculator of a given divisor. 


(1] 


[2] 
[3] 
[4] 


Ex.1. 


Multiply the divisor by such a minimum number, 
which yields nine at the unit’s place in the product. 


Add one to the product. 
Omit zero appearing at unit’s place. 


The remaining digits gives Osculator of that 
divisor. 


To find Osculator of 7 ( the divisor ) 


(7x7) +1=50 Osculator of 7 is 5. 


Ex.2. 


Osculator of 23 is 7. because (23 x 3) + 1=70. 


Ex.3.. As (47 x 7) + 1=330 Osculator is 33. 


To determine negative Osculator of a number (divisor). 


[1] 


[2] 


(3) 


Ex.1. 


Ex.2.. 


Multiply the divisor by such a minimum number, 
which yields 1 at the unit’s place in the product. 
Omit the “ digit 1 “ appearing at the unit’s place. 
The remaining digits give Osculator of divisor. 
To find Osculator of 17. 

We have 17x3 =51 Osculator of 17 is 5. 
The Osculator of 13 is 9 as 13x 7=91 (Omit 


one ). 
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6.4 List of positive Osculators ( P ) 


6.5 


1) 


2) 


3) 


Pfor 9, 19, 29, 39 etc. (ending in 9) is 1, 2, 3, 
and 4 respectively. | 
P for 3, 13, 23, 33 etc. (ending in 3) is 1, 4,7, 
and 10 respectively. 
P for 7, 17, 27, 37 etc. (ending in 7) is 5, 12, 


19, and 26 respectively. 


List of negative Osculators ( Q ) 


1) 


2) 


3) 


4) 


Qfor 11,21, 31,51 etc. (all ending in 1 )is 1, 
2, 3, and 5 respectively 

Q for 7, 17, 27, 37, 47 etc. (all ending in 7 ) is 
2, 5, 8, 11, 14 resp. 

Q for 3, 13, 23, 43 etc. (all ending in 3 )is 2,9, 
16, 23 resp. 

Q for 9, 19, 29, 49 etc. (all ending in 9 ) are 8, 
17, 26, 35 etc. . | 


Important Features of Osculators 


1) 
2) 


P+Q=D , D: Divisor. 


The multiples of 2 and 5 are inadmissible for 


the purpose of Osculator 
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3) For divisors endingin 3 P <Q. 
4) For divisors endingin 7 Q < P. 


6.6 Test for divisibility :- 


Osculation process and Osculation result for P 


Ex.1) Is21 divisible by 7, Notation: Is 7/21? (useVeshtanank 
method) , 
Step 1) Multiply the last digit ( 1 ) by Osculator ( of 7 ) and 
add the product to the previous digit. The process known 
| as “Osculation“ and the number so obtained known as 
“Osculation result “. 
Osculator of 7 is 5(ie. P=5) 
Osculation result = P.u + T 
(Sx1)+2 
= 7 
Here Osculation Result = Divisor. 
21 is divisible by 7. 
Solved examples : Ex. Is 19/95? 
Here D = 19, P=2, u=5, T = 9 ( Previous digit ). 
Osculation Result = P. u+ T=(2x5)+9 
=19 
= 19 Divides 95 


Rule :- 


1) If Osculation Result = Divisor, then the number is 
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divisible. 
2) If we get Osculation Result a bigger number then Osculate 
the result again till we get a smaller number. 
3) If the Osculation Result is either zero or equal to divisor 
‘ or divisible by divisor then the ee number is perfectly 
divisible. 
4 R,R,.R,, denote Osculation results at 
intermediate steps. 
Ex. 3) Test : 29 3 2896 P=3 
328 9 6 
27 8 31 27 


Steps 1) Osculate 6, we have 


R, =Pu+T 
=36+9= 27 
2) R,=37+2+8=31 
3) R, =314+3+2=8 
4) R, =384+3=27 


Last Osculation Result R , = 27. 
R , not divisible by D 
3289 6Not Divisible by 29. 


We have another way to write the Osculation Results. 
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We denote them by S ,,S,,S,, (complete sum ). 


Alternative Way :-2932896 


32896 1)P=3 
+ 1 8 2)uxP=6x3=18 
3307 add to previous continue 
+ 21 3) Osculation Results are : 
351 S, = 3307 
+ 3 | S,=351 
38 S, = 38 
+ 24 S527 
27 


Last Osculation Result is 27, Not divisible by divisor ( 29) 
”. Not divisible. 


Ex. 4) 59 191573 
19 15 7 3 
59 49 46 37 25 


D = 59 

P =6 
R,=Pu+tT 
=63+7= 25 


=65+2+5 = 37 


(65 ) 

R,=67+3+1 = 46 
R,=66+4+9= 49 
R,=69+4+1=59 

Last Osculation R , = D 

Divisible by 59. 

Alternative Way :-59 191573 

1915 7 3 


+ 1 8 1)D=59 
|e ee Oey cae 2) P = 6 

+ 3.0 3)S,= 19175 
1947 4)$,= 1947 

Osculation 

+ 4 5)S,= 236 Results 
2- 3"6 6)S,=59 

+ 3 6 
5 9 

Here S, =D _ 

Divisible by 59. 


Ex. 5) Testif 179 7145501 
7 145 5 0 1 
179 109 6 20 150 18 


D =179 
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P = 18 


= 1 18+0 = 18 
= 8 18+14+5 = 150 


= 0 18+15+5 = 20 


= 6 18+1 = 109 


R, 
R, 
R, 
R,= 0 18+2+4=6 
R, 
R= 9 18+10+7 = 179 
R, 


=D Divisible by 179. 


6.7 Osculation Process and Osculation Results for Q. 


Ex. 1) Is 21 divisible by 7 ? 


0 Here D = 21 
Q =2 

R,=Qu-T 

= 2x1-2 
= 0. 


Osculation Result = 0 
Divisible. 


Ex. 2) 6119581 


Here Osculator is - ve. 


1) 


' 
3) 


Ex. 
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R =Qu T 
n ema us minu 
R,=Q.u-T 


0 -51 -7 2 


Digits in the dividend marked alternate + ve , - ve with 
bars overhead. . 


Q=6.. 


R,=Q.u-T 
=6xl1-8=-2 


4)R,= 6 (-2) + 5 = -7. 
5)R,=6(-7)-9=-5l 
6)R,=-(6x1-5)+1= 0. 
Last Osculation Result = 0. 
Divisible by 61. 

3) 6710171203 
10 1 #7 2'0 3 

O -10 -101 -5 -81 -4 60 
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1)Q = 20 


2)R,= 20x3-0 = 60 
3)R,= 20x0-64+2=-4 
4)R,= 20x(-4)-1=-81 
5)R,= -(20x1-8)+7=-5 
6)R,= 20x(-5)-1=-101 
7) R= -(20x1-10)+0=- 10 
8)R,= -(20x0-1)-1=0. 
Last Osculation Result = 0. 
Divisible by 67. 
Ex. 4) Alternative Way to write 
141 4898857 Q=14 
4898857 
-98 
489787 


48880 At the stage when we get 488, 


“ce 


-0 we confirm “ Not divisible 


Ex. 5) 141/4898857 Q=14 
| 48 9 8 8 5 7 
94 87 37 2 41 93 


Not Divisible. 


6.8 Complex Multiplex Osculators (i.e. P,Q.) 


The cases so for dealt with were of simple type, involv- _ 
ing small divisors and consequently small osculators. What 
about those wherein bigger numbers being the divisors, the 
osculators are bound to be correspondingly large ?. This diffi- 
culty can be overcame by formulating a scheme of groups of | 
digits, which can be osculated not as individual digits but in a 
lump. 


Examples of Multiplex Osculation :- 


1) 371 Osculated by 4 for 2 digits at a time [ i.e. The 
Osculator is of the type P, or Q,]. 


Osculation Results :- 
1) For P, =71x4 + 3. 
2) For Q, =71x4 - 3. 


6.9 Categories of Divisors and their Osculators 


1) Thosedivisors, which end in Nine or series of Nine, come 
under positive Osculators. 
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E.g. 


Osculator for 29, P 


3 (Covering one digit) 


Osculator for 299, P,= 3 (Covering 2 digits). 


Osculator for 12999, P,=13 (Covering 3 digits). 


2) Those divisors, which terminate in or contain series of 
zeros ending in 1.These come under negative Osculator. 


E.g. 
Osculator for 51, Q =5 (Covering one digit ). 
-Osculator for 501, Q,=5 (Covering 2 digits ). 


Osculator for 5001,Q,=5 (Covering 3 digits ). 
Osculator for 120000001, Q, = 12 (Covering 7 digits ). 


3) Those divisors which by suitable multiplication yield a 
multiple either of the two types ; 


1) Ending in 9 ora series of nines. 


2) Ending in unity ora series of zeros ending in unity. 


E.g. 
1) Divisor = 857 As 857x7 = 5999 
P,= 6. . 
2) Divisor = 43 As 43x7 = 301 


we have Q, = 3. 
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or As 43x3 = 129 


we have P. = 13. 


3) Divisor = 229 As 229x131 =29999 
P, = 3. 

4) Divisor = 421 As 421x19=7999 
P, = 8. 


To find suitable multiplier - to determine P |/ Q, 
E.g. 1)Find P, for 142857. 


To find Pn we multiply by suitable multiplier which 
yield a product ending in 9 or series of nine. 


Multiply by 7. 
142857 
x 7 
999999 P.=10 
+ 1 


10,00000 


E.g.  2).To find P, for 76923 
76923 
X 3 


230769 
1) On multiplying by 3 we get 6 at tens place. 
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2) To get 9 at this place three should be added to 6, for 
that multiply by 13 instead of 3. 


76923 

x 13 

230769 

76923x 
999999 

3) 76923 x 13 = 999999. 


P,= 10 
Ex.: Is 106656874269 divisible by 499 7 
1)D = 499, Pos 5 


2) Osculator is P , this means that we have to split the 
given dividend in to 2 digit groups and Osculate by 5. Thus 


10 66 56 87 42 69 

499 497 186 525 387 

69 5 + 42 = 387 

87 5+3 + 87 =525 

255+5 + 56 = 186 

865+ 1+ 66 = 497 

975+4+10= 499 
The last osculation result = D. 
Divisible by 499. 

Alternative Way :- 


ee 
Ul 
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10 66 56 87 42 69 Osculate a group of 2 


3 45 as P, = 5. 
10 66 56 90 87 1)69x5 = 345 
+ 435 2)87x5 = 435 
10 66 61 25 ~  3)25x5 = 125 
+ 125 4)86x5 = 430 
10 67 86 5)97x5 = 485 
+ 430 
1497 
+ 485 
499 


Last Osculation Result = D 
Divisible by 499. 


Ex. 2) Is 126143622932 divisible by 401? 
12 61 43 62 29 32 


- 16 400 185 458 99 
1)D=401 
Osculator Q, = 4 
2) Osculate a group of two digits. 


3) Split D in to group of 2. 


(74) 
4) Mark the groups alternately +ve and -ve by 
giving bar over the group from right to left. 


5) Osculate 32 by 4. 
32x4-29 =99 
R, = 99x4 + 62 = 458 
R, = 58x4-4- 43 =185 
85x4-1+ 61 = 400 
R,=00x4-4-12=-16 
Last Osculate Result = - 16 
Not Divisible. 
Alternative Way :- 
12 61 43 62 29 32 
- 128 
12 61 43 61 01 
-04 
12 61 43 57 
-228 
‘12 59 #15 
-60 
11 99 
-396 
-385 


vs} 
i 


v2} 
i) 


Not Divisible. 
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6.10 OSCULATION AND DIVISIBILITY 


To understand the algebraic background of Osculation 


process and divisibility ; let us review the Osculation process. 


E.g. 


To test whether 6 1 1 is divisible by 1 3. We follow the 


Steps given below. 


1) 


2) 


3) 


4) 


5) 


6) 


Determine Osculator of 13. 
13x3+1 = 40 Osculatorof 13 is 4 ie P= 4. 


Multiply digit in unit’s place of dividend by P,4x 1 = 4. 


Add this product to Ten’s place ( left hand ) of dividend. 
4+61=65 


This sum known as Osculation Result = P u+T 
= 4x1=61 
= 65. 


See whether Osculation Result is equal to or divisible by 
divisor. 
65 is divisible by 13, ..611 is divisible by 13. 


If we get a bigger Osculation result then we repeat the 
Osculation process for the Osculation Result (65). 


7) The whole process is written in short as follows :. 


+ 


611 OR 611 
4 265 
65 
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+ 20 The last Osculation Result 26 is divisible by 13. 


26 ..611 is divisible by 1 3. 


6.11 . Analysis 


1) We know that :- 
a, b, c are three integers. If a divides b and a divides 


b+c then a divides c. 


2) Using this property of divisibility ..... 
To see whether 6 1 1 is divisible by 1 3, 
add 13x3 = 39 to 611... 
soe we get 611+39=650 
(b +c) 


3) Now we see whether 650 is divisible by 13. For that 
consider only 65. 


Here 13 divides 65 
13 divides 650ie.(611 + 39). 
13 divides 611 


4) Now the question arises, why we add three times 13 to 
611. 


1e.(611+3x 13) 


5) 


6) 


7) 


8) 
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The observation tells us that this particular addition gave 
us zero at unit’s place. (zero at unit’s place of 650) Now 
to determine divisibility we think of only 65 and not 650. 
( This simplifies our task ). 


In short the Sum is (Dividend + Divisor x Some Integer) 
611 + 13 x 3 


Here select such a minimum integer, which gives zero at 
unit’s place of the sum. . 
Then the number obtained by omitting zero is considered 


for divisibility. 


If the ( 65 ) above sum is bigger then divisor than we 
continue the process. 


6.12 Relation with Osculator 


1) Suppose Dividend = 10x+y 
Divisor = 29 
Osculator P = 3. 
2) To see whether 29 divides 10x +y, add 29 y we get, 
(lOx+y)+29y | 
10x + 30y 
10(x + 3y) 
10(x + Py) 
10 [ Digit in ten’s place + Osculator digit in 


unit’s place ] 


= Osculation Result. 
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From this we observe that if osculation result i.e. (10x 
+ y ) +29 y is divisible by 29 then 10 x+y is also divisible 
by 29. 


Note :- 


1) 10x+y need not be considered as two digit number. The 
given number is written in this form simplify to show the 
unit place digit separately. 


2) The above explanation is for positive Osculator. Such ex- 
planation can be given for negative osculators. For this, 
the following rule is useful. 


a, b,c are three integers such that, a divides b and a 
divides (b-c)thena divides c. 
Alternative (For positive Osculator ) 
Dividend 10x+y 
Divisor a 


Select an integer b , which yields 9 at the unit’s place 
of the product ax b. 


Osculator of a =(axb+1)/ 10 
i.e. P=(axb+1)/ 10 


Now to see whether a divides 10x+y addaxbxy to 


(Note,ax bxy isdivisible by a.) 
We get (10x+y) +axbxy 
= 10x+y(ab+1) 
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10x+10y(ab+1) / 10 


10x + 10 py 
10(x+Py) 


= 10 [Digit in ten’s place + Osculator x unit’s 
place digit] 


= .. Osculation Result. 


Here if Osculation Result 1.e. ( 10 x + y ) + aby is 
divisible by a, then a divides 10 x + y. This explains the 
Osculation process. 


6.13 For negative Osculator Q 


The same explanation can be provided for negative 
Osculator with little change viz. 


1) Select an integer b which yield 1 at the unit’s place of 
the product ax b. 


Osculator Q = axb-1 / 10 

2) Instead of adding aby here we subtract. 
Rest is same. 

Exercise :- 


A) Test the following divisibility. 
1) 5377 2) 1218 3) 153313. 


B) 


2, 
“~~ 
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4) 2131589 = 5) 31476108. 


Test whether the number 
1) 39921 isdivisible by 7. 
2) 5915 is divisible by 1 3. 


2, 
“~~ 
?, 
“~~ 
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CHAPTER 7. 
BINARY NUMBERS 


71 The name decimal system is derived from the fact that 
it contains ten digits namely 0,1,2, —-———_,, 9. Hence the 
base of the system is ten. However when the system contains 
two digits 0 and | it is called binary system only and the base 
here is 2. 

In this chapter we aim to study the basic operations in binary 
system with the help of Vedic sutras. 

7.2 Conversion Of Decimal Numbers To Binary Numbers. 
Case [1] Whole numbers. 

Ex. 1 Convert 19 into binary number. 

Steps:- 

[1] Divide 19 by 2. Write the quotient 9 as left most digit in the 
quotient line, and write the remainder 1 as right most digit in 
remainder line as shown. 

This remainder is called Least Significant Digit ( LSD ). 


2 19 
9|4|2| 1] 0 Quotient line. 


1|0|0O| 1] 1 Remainder line 


[2] Now divide 9 by 2 and write the quotient 4 to right of first 
quotient 9 in quotient line and remainder! to left of first re- 
mainder 1 in remainder line as shown. The procedure is re- 
peated till we get zero as quotient, and remainder | is written in 
remainder line. This last remainder is called Most Significant 
Digit ( MSD ). 
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Thus decimal number 19 is equivalent to 10011 in binary sys- 
tem. 

Case [2]:- Fractional decimal number. 

Steps:- 

[1] Multiply given fraction by 2. Select first carry as M.S.D. 
[2] The remaining fraction is again multiplied by 2 with 
carry as second binary digit. The procedure is continued 

till we get zero as fractional digit or extent of accuracy 
after binary point. 

Ex. 2 Convert 0.32 into binary number. Carry 


Ans. 0.32 X 2 = 0.64 0 
0.64 X 2 = 1.28 1 
0.28 X 2 = 0,56 0 
0.56 X 2 = 1.12 1 
and so on. 


Hence the binary number is 0.0101 
Ex. 3. Convert 28.73 in to binary number. 


Ans. For whole number 28 we the chart as follows 


2 28 
14|7|3]1]0 
1]1]1]0|0. 
For 0.73 we write 
0.73 X 2 = 1.46 1 
0.46 X 2 = 0.92 0 
0.92 X 2 = 1.84 1 
0.84 X 2 = 1.68 1 etc. 


Thus the Binary number is 11100.10111 
7.3, Conversion of Binary Numbers to Decimal Numbers. 


The binary number is weighted number. For the digits on the 
left of binary point the weights are 20, 21, 22, 23, etc from 
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right to left and for the digits on the right part of the binary 
number the weights are 2-1, 2-2, 2-3, 2-4 etc from left to 
right. We add the product of the bit and its weight. 

Ex. 4 Convert binary number (1 10. 1 0 1) into decimal num- 
ber. 


Ans :- We write the structure as follows :- 
110.101 
0 X 20 =0.0000 
1X21 = 2.0000 
1X22 = 4.0000 
1 X 2-1 = 0.5000 
0 X 2-2 = 0,0000 
1 X 2-3 =0.1250 
Adding RHS we get 6.6250 
The decimal number is 6.6250. 
7.4 Addition of binary numbers 
Sutra: - garftra yur ekadhikena purvena 
( by one more than the previous ) 
The basic rules for addition is :- _ 
0+0=0, 0+1=1, 1+0=1,1+1=10 (where 1 is carry) 
And rules for carry bits are : - 
1+0+0=01 withcarryO, 14+0+1=10 withcarry 1 
1+1+0=10 withcarry1, 14+1+1=11 withcarry 1 
Notation :- Ekadhika of the binary digits are denoted as 1*, 0*. 
and meaning is :0* = 0+ 1 =1,1* = 10. 
Method :- Write Ekadhika ( * ) as carry'1, when- 
ever it occurs while adding the binary numbers, 
in left column 
Ex.5 Find 1 0 110+11101 Steps:- 
Ans. Wewrite 1* 0* 11 0 0+1=1, 1+0=1, 
+ 1 1 10 11 +1=10 withcarry 1 
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—_—_—. 0* = 1, 1+1 =10, carry 1 
110 011 = #1*41=10+1=11 


Ex.6Find 111011+100101+10010+1001 


Ans Wewriteas:- 1 1 1 0 1 1 
+ 1* O 0 1 0 1 

1* 0 0 1 0 

+ 1* 0* O* 1 


ll 1 1 0 1 1 
7.5 Subtraction of binary numbers 
Sutra: aragay Yavadunam 
(whichever is difference) 
Case [1]:-_without carry bits 
The basic rules are 0-0=0,1-0=1,1-1=0. 


Ex.7. Find 110010 - 10010. 
We write as : 110010 
- 10010 
100000 


Case [2] :- With carry bits 
We note the difference of the digits 1,0*, and 1* from the base 2. 


Digits Difference 
1 2-1 =1 
0* 2-OF=1— 
1* 2-1*=0 


Method :- when 0 - 1 or 0 - 0* or 0 - 1* is to be found out, add 
difference of the digit to be subtracted in zero, and insert 
Ekadhika (*) in previous left column. 

| Thus 0 - 1 = 1 and * on any digit of the left column 
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0 - O* = 1 and * on any digit of the left column 
0 - 1* = 0 and * on any digit of the left column 
Ex. 8 Find 11000-10011. 
Answer: 1 1 0 = 60 


Answer:—— 101 
7.6 Multiplication of binary numbers 

Sutra: wed ferfq eary Urdhva tiryakbhyam 

( Vertically and crosswise ) 

We explain the method by examples. 
Ex.9 Multiply 11 10. 
We write 1 1 

1 0 


(1 DI{d 0)+(1 1/0 


1] 1 [0 
Ans : — 110. 
Ex.10 Find (101) (110) 
We write 1 0 1 


1]1][(10+0 141 DI 10 


1] 1[ 1 ]1]|0 
Ans :— 11110 
Ex.ll. (1101) 2001)+(101) (110)-(111) (100). . 
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We write 1101 0101 0111 
1001 + 0110 - 0100 


(1)|(1)] 0+1-1)| (,1+1-1)| (1 +1-1) | (0 +1-0)| 1 


1 1 0 11 1 1 1 
Ans.: —1111111. 
This example shows that the multiplication and addition or 
subtraction can be performed simultaneously. 
EXERCISE 7.1 
Set_A :- Convert following numbers into binary numbers. 
[1] 9 [2] 47 [3] 128 [4] 345 [5] 87 [6] 0. 68327] 35.5 
Set_B : - Convert following binary numbers into decimal num- 
bers. 
f1J1101 [27101010 ([3]1011000 
(4]0.111 [5J)1111.0111 
Set _C:-Find the value of:- 


[1J1101+11 [2] 1001110+1000110 
[3]}111.011+11.10 [4411101+10111 
[5] 1101-101 [6] 11000-100111 


[7J1111111-11111-111 
(8}1011100-11101 

Set D : - Find the value of 

[1]1010 (2)11 11 (3)100 111 
[4411011000 5} 10011 11100 
[6] (100 101)+(101 110). 

[7] (100 10)+(01 111). 

[8] (1010)-(110111). 
ANSWERS 7.1 

Set A: —[1] 1001 [2}101111 
[3] 10000000 
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[44101011001 [5] 1010111 [6J0.10101 
(7}10011.1 


Set B : — 1] 13 2)42 3) 88 4] 0.875 
5] 15. 3775 


SetC: [1]1010 [2]10010100 [3])1010.111 
(44110100. 

[5] 1000 [6] 101 (7}1011001 

[8] 111111 

SetD:—[1]100 [2]1001 [3]1100 
[441101000 [5]1000010100 

(6110010 [7]101111 [8] 1100. 
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CHAPTER 8 


Multiplication And Division of 
Polynomials 


8.1. The multiplication of polynomials plays an important 
role in mathematics. In this chapter first we shall study this 
multiplication by Urdhva Tiryak sutra followed by checking 
methods which are unique features of Vedic methods. 


FORMULAE :- 
{1} aed feet sary - Urdhva tiryakbhyam 
( Vertically and Crosswise ) 


{2} aftrraqea: wasaqftra: (gunitsamuccyah 
samuccyagunitah ) 


( Product of the whole is equal to whole of the product ) 


Method :- The VM method for multiplication of the 
polynomials is exactly similar to multiplication of num- 
bers by above sutra { 1 } and hence illustrated by follow- 
ing examples. 


Ex. 1. Find (3x+2) (4x+7). 
Ans. :- We write as - 
3x+2 


x 4x+7 


12x? + 29x + 14 
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Steps 

[1] {(3)(4)} x = 12x", 

[2] { (3)(7)+(2)(4)} x=29x 
[3] {(2)(7)} =14 


Ex. 2. Find (5x+1) (x42). 
Ans. :- We write as - 
S5x+l1l 


“xX +2 


5x +11x+2 


Steps 

(1 {(5)(1)}x =5x. 

(2] {(5)(2)+(1)(1)}x=11x 

[3] {(1)(2)}=2 

Ex. 3. Find (Sx+3y+2 )(10x-3y-4). 
Ans :- We write as :- 


S5x+3y+2 
10x-3y-4 


50x2+15xy-9y2-18y-8 


Steps 

(1) ((5)(10)} x =50x" 

[2] (5(-3)+10(3) }xy=I5xy 

[3] (5(-4)+10(2)}x+3(-3)}y2= Ox-9y2 
[4] { 3(-4)+2(-3) }y=I18y 

[5] (2(-4)=-8. 


Ex. 4. Find (4x+2y+1)(7x-3y-2). 
Ans :- We write as :- 
4x+2y+l 
x 7x-3y-2 


28 x24+2xy-x-6y2-7y-2 


S‘eps 

[1] ((4)(7) } x2 =28 x2 

[2] {4(-3)+2(7) }xy=2xy 

[3] {4(-2)+1(7)} x+2(-3)} y2= -x-6y2 
[4] (2(-2)+1(-3)}y=-7y 

[5] {1(-2)=-2. 
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Ex. 5. Find(2x-3 y+3z-1)(x+y-22z+3). 


Ans. We write as : — 2x-3y+3z-1 


xX xX+ty-22+3 


2x2-xy-xz-3y24+5x4+9yz-19y-622+ 112-3 


Steps: - 

[1] {2x1}=2x2 

[2] {2+(-3)}xy=-xy 

[3] {(-44+3}xz+{(-3)y2=-xz -3y2. 
[4] {6-1 x ¥ (643) 92 =5x+9yz 
[5] {-9-l} y+{-6}z2=-10y-62z2 
[6] {9+2z}=1lz 


Fins Pee5 


Ex. 6. Find(x +2 y+3z+1)(x+y+2z+2). 
Ans. We write as : — x+2y+3z+1. 


X xX+y+2z+2 


x24 3xyt5Sxzt2y24+3x4+7yz+5y+67224+8242 
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Steps:. . 
fiJ{ixl}six2 
(2){2+ 1 }xy=3xy 
[3] {2+3}xz+ 2y2=5xz+2y2 
[4] (2+1}x+{4+3}yz}=3x+7yz 
(S}{4+1}y+{ 6}z2=Sy+6z2 
[6] {6+2}z=8z 
(7]{ 1x2}=2. 


Ex. 7. Find (x *+7x?+3)(x3+x-4). 
Ans. We write as follows. 
x440x34+0x24+7x+3 
x 0x44+x34+0x24+x - 4 


x74x54+3x44+3x347x2-25x-12 


Steps: . 
[1] {10}x8=0x8 


[2]}{1+0}x7=x7 

[3] {0+0+0}x6 =0x6 
[41{1+0+0+0}x5=x5 

[5] {-44+0+0+7+0}x4-3x4 


[6] {0+0+0+3}x3=3x3 
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[7] {0+7+0}x2=7x 2 
.(8) {-28+3}x=-25x 
(91 {3(-4)}=-12. 


Ex. 8. Find (x4+2x345x74+x4+1)(x44+x34+x74+x 43). 
Ans. We write as follows. 
x442x74+5x74x+41 


xX*+ x? + x74 x +3 
x843x748x649 x54 13x 4413 x 3417x244x 43 


Steps: - 

[1] {1(1)} x8= x8 

[2] {1+2}x7= 3x7 

[3] (1+2+5 }x6 =8x6 
[4)(1+14+2+5)}x5=9x5 
[5] {3+2+2+14+5)x4=13x4 
(6) {6+14+54+1 }x3=13x3 
[7] {15+1+1}x2=17x 2 

(8) {3+1}x=4x 

[9] {1(3)}=3. 
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8.2 Checking Method 


Definition : - The Beejank of the polynomial is single 
digit obtained by __ repeated algebraic addition of all the co- 
efficients of the polynomial . 


Examples 

[1] The Beejank of the polynomial ‘p’ is denoted as B ( p ) 
Thus B( 2x+5)=2+5=7. 
B(x+2y+3z+1)=14+2+3+4+1=7. 


[2] When sum of the coefficients is negative or zero, we add 
‘9 ‘ to find the 


Beejank, Thus B(x3-4x24+2x-1)=(-2). 
Adding 9, we getB(x3-4x24+2x-1)=-2+9=7 
B(24x2 -8y+11)=B( 2+4-8+1+1)}=0; 
Adding 9 , we getB(24x2 -8y+11)=0+9=9 


Now we check the answers of the Ex.1, 2 and 3 by 
Beejank method and formula { 2 } above. 


In Ex.[1] B(3x+2)=5,B(4x+7)=B(11) =2 
Consider Beejank of product of Beejank s we get 
(5)(2)=10,andB(10)=1 


Similarly B (12x2+29x+14)=B {1+2 + 2+9 + 144} =1. 
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As Beejanks are same the answer is correct. 

In example [2],B ((5x+1)( x +2 ) } 
=B ((5+1 ) (142) } 
=B(18)=9 

andB(5x2+11x+2)=B(5+1+1+2)=9 


As Beejanks are same the answer is correct 


For Ex.3,B{(Sx+3y+2 )(10x-3y-4)}= 
B {(5+3 +2)(1-3 -4)}=B(-@ )=B(-6)=3 
And B (50 x 2+15 x y - 9 y 2-18 y-8 }B(5+6-9-9-8) = 3 
As Beejanks are same the answer is correct 
8.3 . Multiplication And Addition / Subtraction. The multi- 
plication, and addition or subtraction are simultaneously per- 
formed by applying Formula { 1 } for each pair followed by 


algebraic addition of coefficients of each pair as shown in fol- 
lowing examples. 


Ex.9. Find(6x+1)(2x+3)+(5x+4)(4x+1) 
Ans. We write the structure as follows. 


6x41 5x+4 
2x+3 4x+1 


32x2+41x+7 
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Steps: - 


[1] { (6)(2)+(5)(4)}x2=32x2 

[2] { (6) (3) + (2) } x + (C5) (1) +4) } x =41 x 

[3] { (3) Q) +(€4)(-1)}=7 

Checking : B ((6x+1)(2x+3)}=B{(7)(5) } =8, 
B {(5x+4)(4x+1)}=B{(9)(5)} =9, 
B{(8)+(9) }=B(17)= 8 

“Now B (32x 2441x+7)=B (342444147) =8 

As Beejanks are same the answer is correct 

Ex.10. Find (2x +3) (6x-+1)+(5x+3)(2x-1)-(x+1)(3x+7 ) 


Ans. We write the structure as follows. 


2x+3 5x+3 x+1 
+ a 
x 6x+l1 2x-1 3x+7 
19x2+11x-7 


Steps: - 
(1) { (2) (6)+(5)(2)-(1)(3)}x2=19x2 


[2] { (2) (1) + (3) ) } x {(5) (-1) + B)Q2) }x+ { (1)(7) + 
(1)(3) }x=11x 


[3] { (3)(1) +(3)(-1)-(1)(7)=-7 
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Remark :- We can well realize that the VM methods are ex- 
tremely simple as compared to current methods. 


EXERCISE 8.1 
Set A_ 
Find the Beejank of the following polynomials : 
(1]3x+2 
(2]2x+5 
(3]4x-7 
| (4]3x?7+4x-2 
[S]}x*+12x?7-3x+8 
[6] 16x°*-21x?-4 
(7](2x+3)(4x-1) 
[8] (Sx-7)(2x+3)-(3x+4)(5x+9) 


Set B 
| Multiply the following polynomials and check the an- 
swer by Beejank Method. 


[1] (2x-1)(4x+3) 

[2] (2x+5y)(3x-4y) 

[3] (7x-y)(y-3x) 

[4])(x2 +3x-1)(x2-2x-3) 
(S](3x-y+5)(xt+y-1) 


[6] (x+y-z)(3x-y+2z) 
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(7](x3 +2x2 +x-2)(x3 -x24+3x -1) 


[8] (x+y+z+1)(x-y+z+1) 

[9] (a2 +2b+3c)(2a2+4b-7c) 
[10] (x3 -2x242x-1) (x2 +4) 
(11) (x2+2x-2)(x*-2x7+5x?4x-1) 
[12] (x? +3x -7/2)(2x7+3x-2) 
(13) (x+3y)(2x4+5y) 
(14](3x-Sy+3)(5x+1) 

[15] (2x-y+3) (x+y4+1 

[16] (6y-8z+4)(2x+z) 

[17] (x+2y-z2+4)(2y-x) 

[18] 1Ox-3y-4)(5x+3y+z) 
[19] (4x+Sy)(3x-y) 
(20])(x+2y+3z)(3x-y+2z) 
(21])(x-2y+3z-4) (x-y+z+3) 
(22) (2x+y-3z+1)(3x-y+z-1) 
[23] (x+2y)(x-3y) 

(24](5-x) (x-3) 

- [25] (x?7-3x+6)(x?+x.4+4) 
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Set C. 


Find the polynomial in each case: 
[1] (x+2)(x-3)4+(3x+1)(x-5)-(2x+3)(3x-2) 
[2] (K+y)(X-2 y)-(2x-y)(xt+3y)+(4x+y)(y-3x) 
[3] (x2 +2x-1)(x2 -x+1)+(x2 -5x+1)(2x2+x-1) 
[4](x+2)(x+5)+( x+3)(x+4) 
[5](2x+5)(x+1)+(3x+2)(4x+7) 
(6)(6x-1)(2x+3)-( x+3)( 4x42) 
(7](3 x +4) (3-x)+(2x-1)(5x+1) 
[8]( x?+2)(3x?-1)-( x?74+2)(2x74+1) 
[9] (x2 +x)(x+5)+(x?+3)(x+2) 
(10) (2x +1 )(4 x+3)+(x +5 )(x+2)+(3x+2)(5x+41) 
[11] (x+7)(x4+5)-( x-1)(x 49) 
(12])(7x+3)(3x-1)-(2x+5) (x-2)+(4x+3)(2x-1) 
[13] (5x +3) (3 x+5)-(2x +41) (3x +2)-(2x-1)(3 -x) 
[14] (4x+1)(x+5)+(3x+2)(2x+5)-(2x-1)(3x+4)+(4x-1)(2 x + 7) 
[15] (K+2y)(3x-y)+( x+5)(2x-1)-(y-1)(y+3 ) 
[16] ( x? 4+5x+1) (x?-3 x +2)4+(x?2-2x+4+3 )( x?4+4x-1) 
[17] ( 3x 2+2x+2)(2x 24+x-7)-(6x2 + 2x+11 )( x?-3x4+1) 
ANSWERS 8.1 
SetA [1]5 [2]7 [3]6 [415 [5]9 [6]9 [7]6 [8]9. 
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SetB [1] 8x2+2x-3 


[2] 6x2+7xy-2y2 

[3] -21x2+10xy-y2 

[4] x44+x3 -10x2-7x+3 

(5] 3x2+2xy-y2 +2x+6y-5 

[6] 3x2+2xy-xz-y2+3yz-22z2 

[7] x64+x5 +2x4 +2x34+3x2-7x+2 

(8) x2+2xz-y24+z224+22+2x +1 

[9] 2a4+8a2b-a2c+8b2-2bc-21c2 

[10] x 5-2x4+6x3 -9x24+8x-4 

[11] x7-2x%+7x5-5x* +13x3-8x?7- 4x42 
[12] 2x°+6x4-4x3+7x?2-(33/2)x+7 
[13]2x2-llxy +15y2 

[14] 15x2-25xy +18x-5y+3 
[15]2x2+xy-y2+x+4y-3 

[16] 12xy-82z7-16xz +6yz+8x+4z. 
[17]}-x2+xz+4y2 -4x+8y-2yz 

[18] 50x2+15xy-9y2 -18y-8 

[19] 12x2+1lxy-Sy2 
[20}3x2+5xy-2y24+11xz+6z72+yz 

[21] x2-3xy+2y2 +4xz+3274+5z-2y-x-12 
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(22}6x2+xy-y2 -7xz-327+4z-2y+x-l 


[23] x2- xy -6y2 
[24]-x2+8x -15 
[25)x 5-3x44+7x3 +x2-6x +24 


SetC [1]-2x2-20x-5 
[2] -13x2-5xy+2y2 
[3] 3x4 -8x3-6x24+9x-2 
[4]2x2+4+14x+22 
[5] 14x2+36x+19 
[6]8x2+2x-9 
[7]7x2+2x+41l 
[8] x4- x2-7 
[9] x4+6x34+3x2 +8x+6 
[10] 24x 2+30x +15 
[11]}4x+44 
(12]27x24+3x+4 
[13] 11x 2+4+20x +16 
[14] 12x2+55x+4 
[15] 5x24+45xy-y?+9x4+2y-8 
(16]2x44+4x3-18x2 +21x-1 
[17] -13 x 3-26x2 +19x+3 
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Division of Polynomials 


8.4 In his book Swamiji has explained the method of divi- 
sion of polynomials. This method is, on many counts, similar 
to Horner’s method of synthetic division. While the Horner’s 
method is restricted to divisor of the type (x + a) or (ax +b), 
Swamiji explains the method of division of any n " degree poly- 
nomial by any m degree polynomial where n > m.. This can 
be considered as one of the best contribution of Swamiji to 
mathematics. 


But this method is restricted to polynomials in only one 
variable. We have extended this method to polynomials in two 
or three variables. 


Sutra WTaed Saag Paravartya yojayet 
( Transpose and apply ) 


8.5 When the dividend is n” degree polynomial and divisor 
ism" degree polynomial in x such that m <n. 
Method :- _Let the dividend is n" degree polynomial 


box + by x M1 +b x n-2 +-—_________+ py, and 
the divisor is bO +0 


aQ x M+ az x m-1 +a9 x m-2 + —_________ +a such 
that m <n. and a0 +0 

Note that there are (n+1) terms in dividend, 

and (m+1) terms in divisor. 


Steps 


[1] Wearrange the dividend and divisor in descending pow- 
ers of x, by inserting the term (0.x°), p <m <n, if the 
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term in x? is absent. 


[2] The digits, of the divisor as modified by Sutra are 
eaj/aQ = u , -82/a0 =u ,.-43 /ad =u ,--am/a0=u,, 
We call them as modified divisor (M. D. ) Write the M. 
D. in the chart as shown. 

[3] The method of division and placement of digits is simi- 
lar to method of synthetic division. 

Steps: 

[1] Write b , =k , 45 it is in the answer line. 

(2) Writeu 1b ,=c ,,U,b y=c»U3,b9=c 3——— UU," 

Dp =C gy as shown. 
[3] Findk ,=b,+c, 
[4] Writeu ik =d,u2k,=d,u3k,=d,———.Um 


(5) 
[6] 


k,=d m, 2S shown. 
Findk,=b,+c,+d,. 
The procedure is continued up to (n +1 ) th column. 


Out of total (n+1) digits in the answer line first (n+1-m) 
digits are coefficients of quotient polynomial of xn-m 
degree and next m digits are coefficients of remainder 
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polynomial of x m-! degree. 


[7] Quotient Q=(1/a0){kox™-M +k] x n-m-1 +— 
—+kKn-m ie 


[8] Remainder R= { k mx M-1+k my] x m-2 + ——___ 
——_+kn } 


Ex 11. Divide x 7-2x64+7x5-5x44+13x3-8x2-4x+2 
by x4-2x34+5x24x-1. 
Ans. Heren=7,m=4,aQ=1. write the table as follows. 
MDix? x6 x3 3 [x3 x2 x xD 
1 -2 7 -5 13-8 4 2 


2 2 5 -l l 
-5 0 0 0 0 
-1 4 -10 -2 2 
1 -4 10 2 -2 


Steps: 
[1] Write 1 as it is in the answer line. 


[2] Write (1) (2)=2,() (-5)=-5,()CD=-1,()()=1 
as shown. 


[3] Write (-2) + (2) = 0, in next column of answer line 
[4] Write (0) (2)=0, (0) (-5) =0, (0) (-1)=0, (0) (1)=0, as 
shown. 


[5] Write (7) + (-5) + (O) = 2, in next column of answer line 
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[6] Write (2) (2)=4, (2) (-5) =-10, (2) (-1) =-2, (2) (1) =2, 
as shown. 


[7] Write (-5) + (-1) + (0) +(4) = - 2, in next column of an- 
swer line. 


[8] Write (-2) (2) = -4,(-2)(-5)=10 ,(-2) (-1) = 2,(-2)(1)=-2, as 
shown. 


[9] Write (13) + (1) + (0) + (-10) + (- 4) =0, in next column 
of answer line. 


[10] Write (-8) + (O) + (-2) +(10) = 0, in next column of an- 
swer line. 


[11] Write (-4) + (2) + (2) =0, in next column of answer line 

[12] Write (2) + (-2) =0, in next column of answer line 

Hence Q=(1/1){x34+0x24+2x-2}=x34+2x-2. 
R=0x?+0x*+0x+0=0. 

Checking Method : 


We use remainder theorem and beejank to check the an- 
swer of the division 


Steps: 

[1] Find B ( Dividend ) = x ( say ) where B = Beejank. 
[2] Find B ( Divisor ) 

(3] Find B ( Quotient ) 

[4] Find B ( Remainder ) 
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[5] Find B{B(Quotient) x B (Divisor)+B(Remainder) }=y( say ) 


[6] Ifx=y then answer is correct. 


Now we check the answer of Ex. 11 by above method. 
Steps: 


[1] B (Dividend ) = B(x 7-2x6+7x5-5x4+13x3-8x 
2-4x+2 


=B(1-2+7-5+13-8-44+2)=4. 


[2] B(Divisorr) =B(x4-2x3+5x2+x-1)=B 
(1-2+5+1-1)=4. 

[3] B( Quotient )=B(x*?+2x-2)=B(1+2-2)=1 

[4] B (Remainder )=B(0)=0 

[5] B{B(1)xB(4)+B(0)}=4 

[6] | Here Beejank in step 1 and step 5 are equal hence an- 

swer is correct. 

Ex.12 Divide9x4-x2+11x-21 by 3x2+x-5. 


Ans :- Here n-4,m=2,a0=3. The term 0 x ? is inserted in 
dividend. 


The table of various operations is as follows. 


M.D eo 43 8 «¢2 x c 
-1/3 9 0 -1 11 -21 
5/3 -3 15 
1 -5 
-5 25 
9 -3 15 1 4 


[1] Write 9 as it is in the answer line. 

[2] Write (9) (-1/3) = -3 , (9) (5/3) = 15 as shown. 

[3] Write (0) + (-3) = -3, in next column of answer line. 

[4] Write (-3) (-1/3) = 1 , (-3) (5/3) = -5 as shown. 

[5] Write (-1) + (15) + (1) = 15 in next column of answer line. 

[6] Write (15) (-1/3) = -5 , (15) (5/3) = 25 as shown. 

[7] Write (11) + (-5) + (-5) = 1, in next column of answer line. 

[8] Write (-21) + (25) = 4 in next column of answer line. 

Hence Q=(1/3)(9x2-3x+15)=3x?2-x+5. 

R=(1)x+4=x +4. 

We check the answer by Beejank method 

Steps: 

[1] B (Dividend )=B(9x4-x2+11x-21 )=B(-2)=7 

[2] B ( Divisor )=B (3x2+x-5 )=B(-1)=8 

[3] B ( Quotient )=B (3 x?- x+5)=B(7)=7 

[4] B ( Remainder )=B (x +4)=5 
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[5] B {B (Quotient ) x B ( Divisor ) + B ( Remainder )} { (7x 
8)+5}=B(6l1)=7. 


[6] Here Beejank in step 1 and step 5 are equal hence answer is 
correct. 
Ex. 13. Divide x5+3x4-2x3-8x by2x34+3x-2. 


Ans :- Heren=5,m=3,a(Q=2. The term 0x 2and 0x ° are 
inserted in dividend and term 0 x ? is inserted in divisor. 


x2 x c 
0 -8 0 
1 

-9/2 =) 


0 21/4 -7/2 


IR Va 17/2 


Hence ~—Q=(1/2)(x24+3x-7/2) 
R=(-7/2)x24+(1/4)x-7/2 


Note : 


1] Do not multiply remainder terms by (1/aQ). 
2] Apply remainder theorem for checking the answer 


by Beejank method . 
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8.6 When dividend is second degree homogeneous polyno- 
mial in x and y, and divisor is first degree polynomial in 
x and y. 


Method :- Let the dividend isax?+hxy +by?and 
divisor is mx+ny. 

Steps 

[1] The coefficients of dividend are arranged as shown. 

[2] The modified divisor by sutra is (- n/m ) =d (say). 


[3] The table of various operations is as follows. 


x? Xy ye 
a h b 
M.D 
d ad qd 
a q r 
Steps: 


[1] Write ‘a’ as it is in first column of answer line. 
[2] Write (a )(d)=adas shown. 

[3] Write h + ad =q in the next column. 

[4] Write (q ) (d ) =qdas shown. 

[5] Write b + q d=r in the next column 


Answer: Quotient Q=(1/m){ax+q y) and 


Remainder R=r y? 
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Ex. 14. Divide2x?7+11xy+I15y? by2x+5y 


M.D. 
-5/2 


Steps: 


[1] Write 2 as it is in first column of answer line. 
[2] Write (2 ) ( -5/2 ) = -5 as shown. 

[3] Write 11 + (-5) = 6 in the next column. 

[4] Write (6 ) ( -5/2 ) =-15 as shown. 

[5] Write 15 + (- 15 ) =O in the next column. 


Answer : QuotientQ=(1/2){2x+6y)=x+3y. 
Remainder R = 0 y?=0. 

Checking : 

Steps: 


[1] B(2x?411xy+15)=B(10)=1. 
[2] B(2x+5y.)=7 

[3] B(x+3y)=4 

[4]B(0)=0 

[5] B {(7x4) +0} =B (28)=1 


AS Beejank in step 1 and step 5 are equal answer is correct. 
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8.7 When dividend is second degree polynomial in x and y 


divisor is first de lynomial in x and y. 


Method :- Let the dividend beax?+hxy +by?+gx+fy+ 
cand divisor ismx+ny+p. 


The table of various operations is as follows. 


Steps: 

[1] The coefficients of dividend are arranged as shown. 

[2] The modified divisor by sutra is:(- n/m) = d ,,(- p/m) =d, 

[3] Write ‘a’ as it is in first column of answer line. 

[4] Write (a) (d ;) = ad, and (a) (d ) = ad, as shown. 

[5S] Write h + ad, =k, , g + ad, =k, in next column. 

[6] Write k,d, and k,d, as shown. 

[7] Write k,d, and k,d, as shown. 

(8] Write b + k,d, =1r,, f + k,d,.+ k,d, =1r., and c + k,d,= 13. 
Answer: Quotient Q=(1/m){ax+k,y+k,). 


Remainder R =r, y?+r2y +13. 
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Note :- Out of the six digits in the answer line, quotient con- 
sists of digits equal to number of terms in the divisor 
1.€.3 


8.8 | When dividend is second degree homogeneous polyno- 
mial in x y and z, and divisor is first-degree 
homogeneous polynomial in x and y and z. 


Method :- Let the dividend beax?+hxy +by’+gxz+fy 
Z+cz? 
and divisor ismx+ny+pz. 


The table of various operations is as follows. 


Steps 
[1] The coefficients of dividend are arranged as shown. 
[2] The modified divisor by sutra is :(- n/m =d,, (- p/m) =d, 
Steps [3] to [8] are exactly same as steps in 8.7 above. 
Answer: Quotient Q=(1/m){ax+ky+k,z). 
Remainder R=r,y*+royz+r3Z. 


Note:- Out of the six digits in the answer line, quotient consists 
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of digits equal to number of terms in the divisor i.e.3. 


Ex. 15. Divide 15 x?-25xy+18x-Sy’7+6 by5x+1. 
[ Note that term in y is absent in dividend and divisor ] 
x xy x y? y cons. 
15 -25 18 -5 0 6 


MD. 
o | i 3 
1/5 0 5 
i 4 
iS ~~ bis # 3 
Steps: 


[1] The coefficients of dividend are arranged as shown. 
[2] The modified divisor by sutra is: (-0/5)=0,(-1/S ) = -1/S. 
(3] Write 15 as it is in first column of answer line. 
[4] Write (15) (0) = 0 and (15) (-1/5) = -3 as shown. 
[5] Write (-25) + 0 = -25 , 18 + (-3) = 15 in next column. 
[6] Write (-25) (0) = 0 and (-25) (-1/5) = 5 as shown. 
[7] Write (15) (0) = 0 and (15) (-1/5) = -3 as shown. 
[8] Write (-5) +0 =-5,0+5+0=5, and 6 + (-3) =3. 
Answer: Quotient Q = ( 1/5) {15x?-25y+15 }=3x?-Sy+3 

Remainder R = -5 y*+5y + 3. 

Checking : 

Steps 
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pase Dsay sees ea eee 
[2]B (5x+1)=6 
[3]B (3 x?-Sy+3 )=1 
[4] B (-Sy’?+5y+3)=3 
[5] B {(6) (1) +3 } =9 


[6] As. Beejank in step 1 and 5 are equal the answer is correct. 


Ex. 16. Divide -2x*+11xy+2ly?-10z?-12xz-yz 
by2x+3y+2z. 


Steps: 

[1] The coefficients of dividend are arranged as shown. 

[2] The modified divisor by sutra is: (-3/2) = -3/2, (-2/2) =-1. 
[3] Write -2 as it is in first column of answer line. 

[4] Write (-2) (-3/2) = 3 and (-2) (-1) = 2 as shown. 

[5] Write (11) + 3 = 14, -12 + (2) = -10 in next column. 

[6] Write (14) (-3/2) = -21 and (14) (-1) =-14 as shown. 
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[7] Write (-10) (-3/2) = 15 and (-10) (-1) = 10 as shown. 


[8] Write 21 + (-21) =0, (-1) + (-14)+15=0, and (-10) + 10=0. 
Answer: Quotient Q=(1/2){-2 x+14y-10z) 


=-x+7y-5z 
and Remainder R= 0 y?+0y+0=0. 

8.9 When dividend is second degree polynomial in x, y and 
z, and divisor is first degree polynomial in x, y and z. 
Method :- Let the dividend be 
ax’?+hxy+tby’*+gyz+fxzt+coz?+px+qyts 
and divisor is wx +my+nz+k. 

Steps 

[1] The coefficients of dividend are arranged as shown. 

[2] The modified divisor by sutra is (- m/w) =d),, 

(-n/w) =d,and(-k/w) =d,; (say). 

[3] The table of various operations is as follows. 

x? xy xz x y*? yz y z? Z_~ con 


a h f p b g qoe or. s 


MD. 
d, ad, ad, ad, 
d, kid, kid) kyd; 
d; kod, kod, kd, 
k,d, k,d, k,d3 


ki k k; 


Where k; =h + adj, k, =f + ad, etc. 
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Answer: Q=(1/w) {ax+k,y +k,z+k;) and 
R=ryy7+royZt+r3yt+%yZ7+I5Z+ le 
Ex. 17. Divide3 x*+2y?+z?-Sxy+2xz+4yz+3x-2 
y+3 by3x-y+2z-1. 


e* xy xz & y? yo yy @ ZZ can 


M.D. 
3 = 2 3 2 4 i ££ 3 
1/3 1 -2 1 
-2/3 -4/3 8/3 -4/3 
1/3 Oe 


4/3... -8/3 4/3 
Ans. 3 -4 OQ 4 2/3 20/3 -2 1 -8/3 13/3 
Q=(1/3)(3x?-4xy+4x) and 
R= (2/3) y?+(20/3) yz-2y+z?-(8/3)z+(13/3). 
Note the order in which the terms of dividend are arranged. 


Checking: 


Steps 
(1JB(3x?74+2y7+z7-Sxy+2xz+4yz+3 x-2y+3)=2 
(21B3x-y+2z-1)=3 | 
([3]B(1/3)(3x?-4xy+4x)=(1/3) 3)=1 

[4] B (2/3) y? + (20/3) yz-2 y+z?-(8/3)z+(13/3)=8. 
(5) B {(3)(1)+8}=B(11)=2. 
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[6] As Beejank in step 1 and step 5 are equal the is correct. 


8.10 Special Case 


Ex. 13. Divide 3x y+2y2+7x+5y+2 by3x+2y-1. 
Answer :— This is a case where term in x 2 is absent . 


Note the arrangement of the dividend and corresponding divi- 
sor 


2y+3x-1 | y2 yu y | x2 x c 
-3/2 2 3 5 0 7 2 
iy Z -3 ] 
0 0 
-9 3 
2 0 6 O -2 3 


Thus Q=(1/2)2y+0x+6=y+3 
R=0x2-2x+5=-2x+5. 


Ex. 14. Divide 4x y +14xz-10yz-23z2 by2y+7z 


Ans :- Note that term in ‘ x ‘ is absent in the divisor. 
Hence we arrange the dividend and divisor as shown 


2y+7z+0x y2 yz yx z2 gx x2 
-7/2 0 -10 4 -23 «14 0 
0 | 0 0 
35 0 
-14 0 
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Hence Q=(1/2){Oy2-10z2+4x} =-5z+2x 


R= 12 22. 
Exercise 8.2 
SET A 


[1] 6x°-11x-10 
[2]3x°-17x+10 

[3] 2x*-3x°+5x74+x-9 

[4] 3x°+22x°4+x+3 

[5] x°-3x°+7x°4+x°-6x+24 
[6] 16x°-2x7+5x-3 

[7] x*°+2x°-x’?-3x+] 


[8] x°+2x°+7x7?-5x+4 


Divide 

by 2x-5 

by 5-x 

by x+1 

by 3x+1 

by x°+x+4, 
by 4x7+1 

by 2x’+3x-l 
by x '+2x-1 


[9] x°+7x°+5x°+9x°4+3x74+12x-7by x°-1 


[10] x°-5x°4+7x'-x°-7x°-3x‘-3x°+x745x-2 


(12] 12x?+11x-5 


(13] x>-3x4+7x3+2x7+6x +430 


(14) -x?7+8x+10 
[15] x 4-12 x?+ 37. 


by x°+2x°-x°-2x41. 


(11]2x°+6x4-4x3+7x?-(33/2)x+7 


by x74+3x -(7/2). 


by 3x-1. 
by x%3x+6. 
by 5-x. 
by x?+6, 


[16] x®-3x74+4x%+2x5-2x44+3x345x2-x-12. 


by x?-x? +x 43. 
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[17] x7+x%-x5 -x4-5x34+5x?2-6 by x?+x?-x +2 
[18)-2x274+11x?2 +421 x?-I1x?-12x-18 by2x?+3x 42. 
(19) x5+x44x24x274x41 | by 2x7+x 

[20] x7+x°+3x4+3x347x?-25x-12 by X4+7x? 43 


SETB Divide 
[IJ2x°+xy-y’+x4+4y-3 by xt+y+-l 
[2] 8x’°+Sy’+l6xy+x+y-1 by 4x+2y-1 
[3] 6x°+3xy-3z’-yz+2xz by 3x-z. 


[4] 3x°+5xy+llxz-yz+2y’+7z° by x+2y+3z. 
[5] 3x°+7xy+2y +7yzt+6z +11 xz+6x+8y+l6z+8 
. by x+2y+3z+2. 


[6]-x?+xz-4x4+4y’-3274+8z by x+2y-z+4. 
[7] 12xy-16xz+8x-8z'+4z+6yz  by6y-8z+4. 
[8]x’-2xy+7Ty’ by x+4y. 

[9] 4x°+8xy+3y’ by 2x+y. 
[10}3x°+5xy+2y’ : by4x-1 

[11] 6x°+3xyt y'+5x4+y-1 by 2x+ y-l. 


[12)x°+3xy-2xz+4y'+2yz-5z  byxty-2z. 
[13]4x°+4xy+3xz-y'+5yz+(I/2)z’ by2x-2y+z. 
[14] 12x? +xy-8xz+2y'+2yz-34z° by4x43y-8z. 
[15]x?+2xy-3xz-3y?+4yz42z744x42y-6244 | 
by x-y- z+2. 
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[16]2x°+9xy+3xz+7y +2yzt+2z°+2x -22-18 


Answers 8.2 

SETA 

[1] Q=3x=2 

[2] Q=-3x-2 

[3] Q=2x3-5x24+10x-9, 
[4] Q=x247x-2 

[5] Q=x2-3x+6 

[6] Q=4x-(1/2) 

[7] Q=(1/2)x2(1/4)x-(5/8) 
[8] Q=x24+8 

[9] Q=x54+7x34+6x2+4 16 
[10] Q=x34+3x24+x-2 
[11]Q=x3+3x-2 

[12] Q=4x+5 

[13] Q=x3 +x +5 
[14]-x+3. 

[15] Q=x2-18 

[16] Q=x3-2x24+3x-4 
[17] Q=x4-3x-2 

[18] Q=-x347x2+ x-14 


by2x+4y+z-6. 


R=(-7/8)x +(3/8) 
R=-21x+12 
R=9x2412x+9 
R=0 

R=0 

R=0 

R=15x 

R=-5 

R=145 

R=0 
R=4x24+4x-2 
R=28x +10 


[19] Q= (1/2) x 3 + (1/4) x2 + (3/8) x + (5/16).R = (11/16 ) - 1 
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(20) Q=x3 +x -4 


(1] Q=2x-y+3 


[2] Q=2x+3y+(3/4) 
1/4) 


(3] Q=2x+y+(4/3)z 
[4] Q=3x-y+2z 

[5] Q=3x+y+2z 

[6] Q=-x+2y 

[7] Q=z+2x 

[8] Q=x-6y 

[9] Q=2x4+3y 


[10] Q=(%4) x +( 23/16) y 


(11]Q=3x +4 
(12]Q=x+2y 

[13] Q=2x+4y+4+(1/2)z 
(14) Q= 3x-2y+4z 
(15) Q=x+3y-2242 
[16] Q=x+(5/2)y+z+4 


o, 
~ 
, 
“ 
o, 
~ 


R=0 
SETB 
R=0 
R=-y2+(5/2)y-( 


R=(-5/3)z2 
R=14y2-2yz+z2 
R=6y+12z+8 
R=2y z-8y-3z2+8z 
R=-52z2-10zx 
R=31ly2 
R=0 
R= (55/16) y2 
R=y?’-3y+3 
R= 2y2+6yz-5z2 
R=7y2+2yz 
R=8y2+8yz-222 
R=0 

R= -3y2-(9/2)yz-y +6 


(123) 
CHAPTER 9 


FACTORIZATION OF 
POLYNOMIALS 


9.1 First we shall study the method of factorization of quadratic 
polynomials in one variable, suggested by Swamiji in his book. This 
method, though similar to current methods, is much quicker and it 
gives roots of the equation without evaluating the factors. 
Secondly, we shall study the Vedic method for factorization 
of homogeneous and non-homogeneous polynomials in two or three 
variables and solution of cubic equations. Here we tried to justify 
the Vedic method by considering its limitations. 
UTRAS 
(1) — atqyeraur (Anurupyena) 
(Proportionately) 
(2) arama (Adyamadyenamantyamantyena) 
(First by the first, and last by the last) 
(3) Suara (Lopansthapanabhyam) 
(By alternate elimination and retention) 
9.2 Factorization of quadratic polynomial in one variable 
Steps :- 
(1) We write the polynomial as a x?+ bx +c 
(2) | Wesplit ‘b’ in two parts such that a:u = v:c where b = u+v 
(3) Let ratio in the simple form is p:q. i.e. a/u = v/c = p/q 
(4) Then first factor is :-- px + q. 
(5) For second factor, by Sutra (2) we get (a/p) = k, (c/q) =m 
(say), 
(6) Then second factor is :- kx + m. 
Justification :- Consider the product 
(px + q) (kx + m) = pkx? + (pm + qk) x + qm. 
ax? + [(pc/q) + (qa/p)] x +c 
ax*+[v+u]x+c 
ax? + bx +c 
Thus the factors of ax? + bx + c are (px + q) (kx + m). 
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9.3. Roots of the equation ax” + bx + c= 0 
The factors of the LHS. of the equation are (px + q) (kx + m) 
Hence roots of the equation are : x = (-q/p) and x = (-m/k) 
i.e. x = (-u/a) and x =(-cp/aq) = -(c/a) (v/c) 
= (-v/a). 
The roots of the equation are [-u/a, -v/a]. 
Remark :- The roots can be evaluated without finding actual 
factors. 
Note: 
(1) This method is applicable only when D = b? - 4ac is a perfect 
square number. In this case the equation ax? + bx + c = 0 has rational 
roots. 
(2) If D> 0 but not perfect square, then equation has irrrational 
roots. 
(3) If D <0 then equation has complex roots. 
Ex. 1:- _ Factorize x? + 6x + 8 and find the roots of the 
equation x? + 6x + 8=0. 
Ans :- Herea=1, b=6, andc=8. we find that 6 =4+2 
such that 1: 4 =2 : 8, hence u = 4 and v =2. 
Let ratio in the simple form is 1: 4 
Hence first factor is :- (x + 4) 
For second factor: k = (1/1) = 1, m - (8/4) = 2, 
Hence second factor is :- (x + 2) 
The roots of the equation are : -u/a = - 4/1 = - 4, 
-v/a = - 2/1 =- 2. 
Ex.2:- Factorize 12x? - 17x -7 and find its roots 
Here a= 12, b=-17, c=-7. We find that -17 = 4-21 
such that 12:4 = -21 : -7. Hence u = 4 and v = -21. 
The ratio in the simple form is. 3 : 1 
Hence first factor is :- (3x + 1) 
For second factor k = 12/3 = 4, and m = -7/1 = -7 
Hence second factor is :- (4x - 7). 
The roots of the equation are x = -u/a = -4/12= -1/3 
x =-v/a= -(-21/12) = 7/4. 
9.4 General method for roots of the equation 
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ax? + bx +c=0,a50. 

We know that for any value of D the roots are given by 
x =(1/2a) [-b+(D)] , |= Where D=b’-4ac 

We rewrite above equation as 2ax +b=+(D) or 


d/dx [ax? + bx + c] = + (D) 


Above equations gives roots ofthe equation for allvalues of D. 


Ex. 3 :- 
Ans :- 


Ex. 4:- 


Ex. 5 :- 


EXERCISE 
Set A :- 


Set B :- 


ANSWERS 
Set A :- 


Find the roots of 6x?- 11x - 10=0 

Hear a= 6, b=-11, c=- 10. Hence D=121+240= 361 
Thus roots are given by :- 2(6)x+(-11) = 19, or -19 
ie. 12x-11=19 gives x= 5/2, 

and 12x - 11=-19 gives x =-2/3. 

The roots are [5/2, -2/3]. 

Find the roots of x? - 2x - 1 =0. 

Here a = 1, b=-2,c =-1. Hence D=4+4=8. 
Thus roots are given by :- 2x-2=2(2)'” or -2(2)'”. 
i.e. x - 1 = (2) gives x=1+ 

and x - 1 = (2) gives x=1-V2. 

Find the roots of x? - 10x + 29 = 0. 

Here a=1, b = -10, c= 29. Hence D = 100-116=-16 
The roots are given by :- 2x - 10 = V(-I6) =4i 
Where i ? = -1. 

ie.x-S=2igives x=5+2i 
andx-5=-2igives x=5-2i 


Factorize the following polynomials :- 

1] x?+ 8x =15 2] 8x? + 30x +7 

3] 3x? - 17x + 10 4] 6x? - 13x-5 

5] -12x? - 10x + 50 6] -x? + 8x - 15 

Find the roots of the following equations :- 

1] 12x?+11x-5=0 2]-3x?-5x+12=0 
3) 3x2-17x+10=0 4) 6x?+19x+10=0 
5] x?- 2x-17=0 6] 4x? + 12x-11=0 
7) x?-4x+13=0 8] x?- 12x +37=0 


(1] (x +3) (x +5) [2] (2x +7) (4x +1)  [3}(3x - 2) (x -3) 
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[4] (2x -5)(3x+1) [5] (-6x + 10) (2x + 5) [6] (5 - x) (x - 3) 


Set B :- [1] x = 1/3, -5/4 [2] x = -3, 4/3 
(3) x = 2/3, 5 [4] x = -2/3, -5/2 
[5] x =-1 + (2) [6] x = -3/2 + (5) 
(7]x=2+3i (8) x =6+i 


9.5 Factorization of second degree homogeneous polynomial in 
two variables. 
Steps :- 
[1] | We write the polynomial as ax? + 2hxy + by’ 
[2] We split ‘2h’ in two parts such that a:u = v:c where 2h = u+v. 
{3] Let the ratio in the simple form is p:q. i.e. a/u = v/c = p/q 
[4] Then first factor is px + qy. 
[5] For second factor, by Sutra (2) we get (a/p)=k, (c/q)=m (say), 
{6] | Then second factor is kx + my. 
Note: [1] The polynomial ax? + 2hxy + by? is factoriazable into 
rational factors only when h? - ab > 0. 

[2] This factorization helps us in finding equations of pair of 
lines through origin represented by the equation ax? + 2hxy + by7=0. 


Ex. 6 :- Factorize x? - xy - 6y?. 
Ans _ :- Herea=1, 2h=-1,b=-6. 
We find that - 1 = 2 - 3 such that 1:2 = -3 : -6. 
The ratio in the simple form is : 1 : 2 
Hence first factor is (x + 2y). 
For second factor k = 1/1 = 1, and m = -6/2 = -3 
Hence second factor is (x - 3y). 
EXERCISE Factorize : 
[1] 4x? - 3xy - y? [2] 6x? + 19xy + 10y? 
[3] 2a? - 3ab - 2b? [4] 2x? - 13xy - Ty’ 
[5] 12x? + 11 xy - Sy’ 
ANSWERS 
_ OU) @-y) 4x+y) [2] (2x + 5y) 3x + 2y) 
[3] (a-2b)(2a+b) [4] (x-7y) (2x+y) 
[5] (4x + Sy) (3x - y) 
9.6 Factorization of second degree non homogeneous polyno- 
mial in two variables 
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Steps :- 

[1] We write the polynomial as 
ax? + 2hxy + by? + 2gx + 2fy + ------------ (A) 

(2] Put y =O in (A), we get ax? + 2gx + c (Elimination) 
Let factors are (px + r) and (kx + n). 

[3] put x =0 in (A), we get by? + 2fy + c (Elimination) 
Then factors are :- (qy + r) and (my +n) . 
(Note the argument) 

[4] We set the cyclic arrangement of the factors as 
(px +r) (qy +1), (kx +n) (my +n) 

[5] Hence factors of the polynomial (A) are 
(px + qy +r) (kx + my + n) (Ratention) 


(Note the argument) 
Note : 
[1] The polynomial (A) is factoriazable only when 
a h g 
d' =jh ob f } =0, 
g f c 


[2] When D! X 0, either polynomials in steps 2) and 3) are not 
factoriazable or we may get incorrect factors because this method 
works irrespective of value of ‘h’, hence the correctness of the fac- 
tors is to be decided by checking methods or actual multiplication. 
(Ref. Ex. 8 and 9). 
[3] This factorization helps us in finding equations of pair of lines 
reqresented by the equation ax? + 2hxy + by” + 2gx + 2fy +c =0. 
Ex. 7 :- Factorize 2x? + xy - y? + x + 4y - 3. Given D' =0 
Steps :- 
[1] We write the polynomial as 2x? + xy - y? +x + 4y - 3. --- (A) 
[2] Put y =O in (A), we get 2x? +x - 3. 


The factors are :- (x - 1) and (2x +3) 
(3] Put x =0in (A), we get -y?+4y+-3 (Elimination) 
Then factors are :- (y -1) and (-y + 3) 


[4] We set the cyclic arrangement of the factors as 
(x - 1), (y -1) and (2x + 3), (-y + 3) 

[5] Hence factors of the polynomial (A) are 
(x + y - 1) And (2x - y +3) (Retention) 
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(Note the argument) 
Ex. 8 :- Factorize 2x? + Sxy + 2y? + x + Sy + 12 -------- (A) 
Answer :- Here D’ is not equal to zero, hence polynomial is not 
factoriazable. We confirm this by putting y = 0 in (A), we get 2x? + 
x + 12. This polynomial is not factoriazable into rational factors as 
D<0. 
Ex. 9 :- Factorize x? + 2y? + x - y - 6 -------------------- (A) 
Answer :- Here D’ is not equal to zero, hence polynomial is not 
factoriazable. But by above method we get the factors as (x + 2y + 3) 
and (x + y -2). 
When we check the factors we find that 
(x + 2y + 3) (x+y -2) =x? + 3xy + 2y?+x-y-6 
which is not the given polynomial (A). Thus for any value of ‘h’, x? 
+ 2hxy + x - y - 6 will give same factors (x + 2y + 3) and (x + y - 2) 
which is ridiculous. Of course this happens only because method 
works irrespective of value of ‘h’ which is eliminated due to substi- 
tution x = 0 and y =0. 
This is drawback of the method. 
However when it is guaranteed that D’ = 0 or given that the polyno- 
mial is factoriazable the method is much simpler than the other 
methors. 
EXERCISE 


Factorize following polynomials :- (Given that D! = 0) 
(1] 4x? - 12xy + Sy? + 8x - 12y + 3. 

[2] 2x? + 3xy - Dy? - 5x - 24y - 7. 

(3) 15xy + 10x + 6y + 4. 

[4] SOx? + 15xy - 9y? - 18y - 8. 

[5] 4x?+ 4xy + y?- 1. 

[6] 3x? + 2xy - 8y?- 15x + 18. 


ANSWERS 
{1} (2x - 3y + 3), (2x - 3y +1) [2] (2x - 3y -7), (x + 3y + 1) 
(3] (5x +2), (3y +2) [4] (10x - 3y - 4), (Sx + 3y + 2) 


(5] (2x-y+1),(2x+y-1) [6] (x+2y- 3), (3x - 4y - 6) 
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9.7 Factorization of second degree homogeneous polynomial 
in three variables. 
Steps :- 


(1) 
[2] 
[3] 
(4) 


[5] 


[6] 


We write the polynomial as _ 
ax? + 2hxy + by? + 2gxz + 2fyz + cz? --------------- (A) 
Putz=0Oin(A), we get ax? + 2hxy + cz? (Elimination) 
Let factors are :- (px + qy) and (kx + my) 
Put x =QOin(A), we get by? + 2fyz + cz? (Elimination) 
Then factors are :- (qy + rz) and (my + nz) 
Put y=Oin(A), we get ax? + 2gxz + cz? (Elimination) 
Then factors are :- (px + rz) and (kx + nz) 

(Note the argument) 


We set the cyclic arrangement of the factors as 

(px + qy), (qy + 12), (tz + px) and 

(kx + my), (my + nz), (nz + kx) 

Hence factors of the polynomial (A) are 

(px + qy + rz) and (kx + my + nz) (Retention) 
(Note the argument) 


Note: Polynomial (A) is factoriazable only when polynomials in step 
[2], [3] and [4] are factoriazable. 
Ex. 10 :- Factorize 6x? + 8xy - 8y? - 11xz + 2yz + 32? 


Steps :- 
[1] We write the polynomial as 

6x? + 8xy - 8y” - 11xz + 2yz + 32? -------------- (A) 
[2] Putz=Oin(A), we get 6x?+ 8xy - 82? 

The factors are :- (3x - 2y) and (2x + 4y) 
[3] Putx=0(A), we get -8y? + 2yz + 3z? 

Then factors are :- (-2y - z) and (4y - 3z) 
(Note the argument) 
[4] Puty=Oin(A), we get 6x? -11xz+3z? 


[5] 


[6] 


Then factors are :- (3x - z) and (2x - 3z) 
(Note the argument) 

We set the cyclic arrangement of the factors as 

(3x -2y), (-2y - z), (-Z + 3x) and 

(2x + 4y), (4y - 3z), (-3z + 2x) 

Hence factors of the polynomial (A) are 
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(3x - 2y - z) and (2x + 4y - 3z) (Retention) 
(Note the argument) 
EXERCISE 
Factorize :- 
(1] 6x?+ 3xy +xz-yz-2 
[2] 3x?+5xy + 11xz + yz - 2y? + 62? 
[3] 3oxy - 10xz - 9y? + 1Syz - 42? 
[4] 24x? + 34xy - 7xz - 10y? + 19yz - 62? 
[5]. 4xy + 14xz - 6yz - 21z? 
[6] -2x? + 1lxy - 12xz + 21y’ - yz - 102’ 


ANSWERS 

(1) (3x-z)(2x+y+z) (2] (x + 2y + 3z), (3x - y + 2z) 
(3] (10x - 3y + 4z), (3y - z) [4] (3x + Sy - 2z) (8x - 2y + 3z) 
(S] (2x - 3z) (2y + 7z) [6] (-x + 7y - 5z) (2x + 3y + 2z) 


9.8 Factorization of second degree non homogeneous polyno- 
mial in three variables :- 
Steps :- 
{1] We write the polynomial as 
ax? + 2hxy + by? + 2gxz + 2fyz + cz? +ux+vy+wz+t 
[2] Put y=0,z=Oin(A) we get ax?+ux+t (Elimination) 


Let the factors are :- (px + S), (1x +k) 
(3] Putz=0,x=Oin(A) weget by*+vy+t 

Then the factors are (qy +S), (my + k) 
[4] Putx=0, y=Oin(A) we get cz*+wz+t, 

Then the factors are (rz +s), (nz + k) 


(Note the arguments in 3] and 4]) 

[5] We set the cyclic arrangement of the factors as : 

(px + S), (qy +S), (rz + s) And (1x +k, (my +k), (nz + k) 
[6] Hence the factors of the polynomial (A) are 

(px + qy +1z +S) and (1x + my + nz +k) 
Note :” 
[1] The polynomial (A) is factoriazable only when the polyno- 
mials in step. [2], [3] and [4] are factoriazable. 
[2] For all values of h, g, f. The method gives same factors hence 
this is the drawback of the method. Thus correctness of the factors is 
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to ve checked by checking methods or actual product. 
Ex. 11 Factories x? - 3xy + 4xz + 2y? - 2y + 3z7 + 5zx- 12 


Steps : (A) 
[1] Puty=0,z=Oin(A)weget x?-x-12 
The factors are (x - 4), (x + 3) 
[2] Putz=0,x=Oin(A) weget 2y’-2y - 12, 
The factors are (-2y - 4), (-y + 3) 


The factors are written by observing the factors in step [1]. 
[3] Putz=Ox=Oin(A)weget 3z?+5z- 12, 

The factors are (3z - 4), (z+ 3) 

[4] We set the cyclic arrangement of the factors as 

(x - 4), (-2y - 4), (3z - 4) And (x + 3), (-y + 3), (z + 3) 
[5] Hence factors of the polynomial (A) are 

(x - 2y + 3z - 4) and (x- y+z+3) 

EXERCISE 

Factorize 

[1] 4x? + 4xy.- 3y? + 4xz + 2yz + 8x + 8y +4z+27+3 
[2] 12xy - 16xz + 8x - 8z? + 6yz + 4z 

(3) 3x? + Sxy - 2y? - 12z? - 5xz + llyz+17x-y+14z+10 
[4] 6x? +xy - 7xz- y?+ 4z+x - 2y - 327-1 
ANSWERS 

[1] (2x-y+z+3)(2x+3y+z+1) 

[2] (4x + 2z) (3y - 4z + 2) 

(3] (x +2y -3z+5) (3x - y +4z+2) 

[4] (2x+y-3z+1)(3x-y+z-1) 

9.9 Checking Method 

This is the unique feature of the Vedic mathematics where fac- 
tors of the polynomials can be checked easily without actual multi- 
plication. 

SUTRA : aftrereazaa: gunitasamuccayah 
(The whole product will be same) 

Beejank of the polynomial is sum of its coefficients. If this 
sum is two or more digit number then we repeatedly add the digits of 
sum till we get single digit as answer. 

Steps:- _ [1] Find the Beejank of the given polynomial. 
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[2] Find the Beejank of each factor of the polynomial. 
[3] Find Beejank of product of Bajankas in step 2] 
If answers in step [1] and [3] are equal then the factors are cooect 
If Beejank is zero or negative we add ‘9’ before we compare. 
Illustrations :- 
[1] In Ex.1, | The beejank of given polynomial is : 
B {x? + 6x +8} =B (1 + 6 + 8) =B (15) =6 
The Beejank of the factors are : 
B(x+4)=1+4=5,B(x+2)=1+2=3 
The Beejank of product of these Beejanks is : 
B (5 X 3) =B (15) =6 
As answer (6) is same the factors are corrrect. 
(2] In Ex. 11 The Beejank of given polynomial is ; 
B (x? - 3xy + 4xz + 2y? - 2y + 3z7+5z- x - 12 - S5yz) . 
=(1-34+44+2-24+3+45-1-12-5)=B(-8)=8+9=1 
The Beejank of the factors are : 
B(x -2y+3z-4)=1-2+3-4=B(-2)=-2+9=7 
B(x-y+z+3)=1-1+1+3=4 
Now B (7 X 4) = B (28) = B (10) = 1 
As answer (1) is correct the factors are correct. 
Readers are suggested to check the answers of other examples. 
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CHAPTER 10. 


CUBIC EQUATIONS 


10.1 There are good methods of solving a cubic equation. 
But many of them are tedious as well as lengthy. VM pro- 
vides the method simple and short method to find real roots. 
The formula used here is: 


{1} gRongRemary - puranapuranabhyam 
( By completion and non completion ) 
{2} qua@aqua: gunaksamuccayah 


( collection of multipliers ) 


10.2. Ex.1).Solve x?-6x?+11x-6=0. 
(1) The following is the traditional method. 


Remove the second-degree term 
Put y +h for x 
(y +h)? - 6(y+h)?+ 11(y +h) -6=0.. 
y? + y’ (3h-6) + y (3h?- 12h + 11) + (h°-6h? +11h-6 )=0.(A) 
Put coefficient of y* equal to zero. 
3h-6=0 h=2 
Putin (A). weget y>-y=0 y=0Oor1 or -l 
x=0,1,2. 
(2). Method using VM. 
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= Here we combine Paravartya with Purna formulae. 
x3 - 6x? + 11x -6=0. 
X?-6x7=-11X+6 2 aaa. (B) 
But. (x - 2)3=x3 - 6x? + 12x - 8 
x? - 6x? = (x - 2)3- 12x +8 
Putin(B). (x-2)3=x-2 
Put x-2=y 
ys=yy=0or 1 


x=0 or 1 or 2. 


In this met hodwe need not remove the second term. 


Ex. 2) Solve : x3 + 9x? + 24x + 16=0 
x3 + 9x? = -24x - 16 ww. (A) 
But (x + 3)? =x? + 9x? + 27x + 27 
xX? + 9x? = -(x + 3)? - 27x - 27 
(A) becomes (x + 3)? - 27x - 27 = -24x - 16 
(x + 3)3-3x-11=0 
Put x+3=y 
y’ - 3(y -3)-11=0 
y>- 3y-2=0 
(y+1)%y-2)=0 
y=-1,-1,2 and x=y-3 
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x=-4,-4,1 
Ex. 3).Solve x? + 8x? + 19x + 12=0 
Now, (x + 3)? =x? + 9x? + 27x + 27 
= (x?+ 8x?) + x? + 27x + 27 
= -19x - 12 +x?+27x +27 
=x?+8x+15 
= (x+3)(x+5) 
(x + 3)[(k + 3)*?-(x +5)] =0 
(x + 3)(x?+ 5x + 4) =0 
(x + 3)(x + 1)(x + 4) =0 
x=-1,-3,-4. 


Here formulae {1} is used. 
10.3 Method of Differential Calculus : 
Let, z= px?+qx?+rx+s=O0=(x+al(x+b)(x+c)=A BC 
Then, dz/dx = 2 AB 
d?z/dx?= (2!) ZAB, (2!) = factorial of 2 ] 
d°z / dx? = (3!) ZA etc. 
Here the formula {2} is used. 
(1) Solve z=x? -4x?+5x-2=0 
dz / dx = 3x? - 8x + 5 = (x - 1)(3x - 5) 
d?z / dx? = 6x - 8 = 2(3x - 4) 
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2[(x - 1) + (x - 1) + (x - 2)] 
(x - 1)(x - 1)(x - 2) =0 
X = 1,1,2. 


N 
iH] 


Solve : x? + 6x? +9x+4=0. —— (A) 
Now, (x+2)? =x? + 6x?+ 12x +8 
xX? + 6x? = (x+2)?- 12x -8 
Put in-(A) 
(x+2)3-12x-8+9x+4=0 
(x+2)3- 3x-4=0 
Put x+2=y 
y’-3(y-2)-4=0 
y>-3y+2=0 
yey ty =yo2ye2—0 
y'(y-1l)+y(y-1)-2(y-1)=0 
(y-1)y’+y-2)=0 
(y-1)y+2)(y-1)=0 
y=1,1,-2 


x=-1,-1,-4 
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10.4 Biquadrati cEquati ons 


Here also, formula { 1 } isused.Ex. 1). 
Solve x* + 4x3 + 25x? - 16x + 84 =0 — —(A) 


Now (x+1l)*=x‘*+ 4x3 + 6x?+4x+1 
= (25x? + 16x - 84) +(6x?+4x+1) from (A) 
= 31x? + 20x - 8x 
= (x + 1)(31x - 11) - 72 
Put x+1l=y 
y* -3ly? + 42y + 72=0 
=-1,3,4o0r-6 
x=-2,2,3,or-7 
Ex. 2). Solve : (x+7)‘* + (x+5)* = 706 
Here we use *aaraaanary (Lopansthapanabhyam) 
By alternate eli minationand retention rule of V.M 
Average of x+7&x+5Sisx+6. 
Let, x+6=y 
Cy+1)*+(y-1) *=706 


y 4+ 6y?-352=0 y?=160r-22 


(138) 
y= 4or (- 22) 


The second root is complex. Hence it is omitted. 


x=-2or- 10. 
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Part - II Geometry 
CHAPTER 11. 


Pythagoras’ & Apollonius’ Theorems. 


11.1 Four different proofs of Pythagoras theorem are 
given below. 


Statement :- In a right angled triangle the square of hypotenuse 
is equal to the sum of the squares of remaining two sides. 


Proof (1). 


C 


a 
oe 
i 


D C 
Four triangles congruent with AABC are arranged in such a 
way that DABCD and PQRS are squares. 
Here AB=c, AC=b, CB=a 
PQ = QR = RS = SP=b-a 


Here we have 


A (ABCD ) = Area of 4 triangles + A ( PQRS ) 


cz = 4 x 1/2 ab + (b-a)? 
oe = 2ab + b2 - 2ab + a? 
ce = a? + b? 

Proof : (2) 


In the adjoining Fig. ABC = CPQ 


These two similar triangles are arranged such that B-C-P 
and ACQ = 90° 


and LIABPQ is trapezium. 


Here we have 


A(ABPQ) = Sum of areas of 3 triangles. 
I/2(at+b)(at+b) = 1/2 ab + 1/2ab + 1/2c? 
1/2 (a2+2ba+b?) = 1/2 ab + 1/2ab + 1/2c? 
a* +b? & 6% 
Q.E.D 
Proof : (3) 
P 
a 
c 
B C 
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In the adjoining Fig. : 
Three right angled triangles are shown. These are 
similar. We know areas of similar triangles are proportional 
to square of corresponding sides. 


A(SBPA) AB? 
—_ = ——_ (1) 
A(ASABC) AC? 
A (ACPB ) BC? 

and ———_- 1 = ——— (2) 
A (SABC) | AC? | 


Add (1) and(2). 


A( SABC) AC? 
A (SABC ) AB2 + BC2 
i.e. a 
A (SABC) - AC? 
AB2 + BC? 
Pe aee Ee eee =] 
AC? 


ie. a?+b2=c?, Q.E.D 
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4). Proof : 
H 
P S 
: 
E - b 
b G 
_—— 2 
Qa F b ‘ 
In the adjoining figure. 


Four triangles congruent with AABC are arranged such that 
OUPQRS 


and EFGH are squares. By area addition 
We have, 
A (OPQRS ) = 4 A (SABC ) + A (OEFGH ) 
(a+b)? = 4x I/2ab + c? 
a? + 2ab + b? =2ab+c? 


a? +b? = c?, 


(143) 
20.2 APOLLONIUS’ THEOREM 
Statement :- In any ABC, 
AB 2+ AC 2=2( AP? + PC?) 
where AP is median of ABC. 


Proof :- Consider any ABC, where AP is median 


We construct coordinate axis x o x and through base BC and 
yoy axis through point A 


Let OA=p,OB=m, OP=n then BP=m+n 

Thus OC=OP+PC=n+m+n=2n+m 

Hence coordinates of the vertices of “ABC and point p are 
A (0,p), B (-m,0), C (2n+m,0)andp(n,0). 
Now by distance formula 

AB?=m 7+p?, 


AC ?= (2n+m) 7+ p?=4n?+4mn +m? +p? 
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And AP?=n?+p?, 
PC? =(n+m)? =n2+2mn+¢+ m2? 
Now AB?+AC?=2m?+2p?+4n?+ 4mn 
And AP?+PC?=m?+p?+2n?+2mn 
Thus AB?+AC?2=2( AP?+PC2) 
Q.E.D. 
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CHAPTER 12. 


TRIPLETS 


12.1 Definition :- A set of three real numbers x , y and z 


satisfying the equation x?+y*=2z? is called TRIBHUJANK 
or a Triplet. It is written as [x, y, z] 


[ 3, 4,5 ] is a tripletas37+47=5? 
[5,12,13] is a triplet. 
[ 1,2,3 ] is not a triplet. 
The order in which x, y, appear in[ x , y ,z] is worth discus- 
sion. Hence we have 
(1) [x,y,z]=Ly.,x,z] also, 
(2) [x,y,z] ly.z,x] [z,x,y] 
(3) [x,y,zJ=[-x,y,z]=[x,-y,z] etc. 
(4) [x,y,z] exists if and only if x?+y?-z?=0 
C3) [xey.2 |S ba. bye x=4. y=, 7=c 
Hereafter, we shall not be free to use any sequence of x , y and 
z for the reason that triplet will be associated with an angle. 


12.2 It is clear that when x* + y? =z? , where x, y , z are the 
sides of a plane right angled triangle. Assume that angle be- 
tween x and z is A and that between y and z is B, z being the 


hypotenuse. 
B 
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Definition :- Every triplet [ x , y ,z] is associated with angle A 
opposite to side y. and is put as, 


T(A)=[x,y,z] 
obviously, T (B) =[y,x, Zz] where and B=90°-A 


(Note that we can not write T (90 °) = [x , z, y] for the simple 
reason that, (x 2+z? & y?) 


Thus, when T (A) = [x, y, Z] 
then T (90 °- A) = [y , x, z]. 


12.3 Triplet for angle (- A) : If T(A)=[x, y,z] then 
T (-A) =[x,-y, z ] (See figure) B® 


Zz y 


D 
Here T (D) =[-y,x,z], (see figure ). 
Note: 
{1} T(A)+T(B) T (A+B) for any two angles A and B 


(2] Tis just a notation for angle A. T (A) represents a triplet 
associated with A. T (A) is neither a function nor an 
operator. 


[3] Triplet [x,y,z] is not unique for angle A. (147) 


For, T (A) =[x, y,z]=[kx, ky, kz] for any positive 
real number k. 


[4] Angle A is not unique for a triplet [x , y,z]. So T (A) = 
[ x,y, Z ] is not unique on either side. The context, 
wherever necessary, will reveal the exact triplet. 


Ex :- Let z=5 and x = 4 then, y ? = (z+x)(z-x)=(5+4)(5-4)=9 
This gives y = 3 so satisfying x? + y? =z’. 


We get two values of y thereby generating two triangles. 


Here T (A) = [ 4,3,5 ], T (B) = [ 3,4,5 ] , T (D) =[ -3,4,5 ] 
Numerically, angles B and D are equai, but their triplets vary. 
Similarly if y = 3 and z=5 thenx = 4 


Also, CAB has triplet [ 4,3,5 ] but EAD has triplet [ -4,3,5 ] though 
these angles have same measures. 
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D B 
5 
2 3 
E Cc 
4 A 4 


12.4 :- Triplets For Sum of Two Angles. 

Theorem :- If T(A)=[x,,y,,Z,], T(B) =[X,, y,, Z, ] then, 
T (A+B) =[ X,X, - YY,» X,Y, + YX,» Z,2, ] 

Assume that A and B are positive angles. 


Proof :- Construct two right angled triangles OPQ and OMR 
with angles A and Bas shown in figure. Draw RS and MT 
perpendicular on OP and MN perpendicular on RS. 


Here in triangle OPQ, we have POQ=A andT(A)=[X, y,, z,] 
Hence OP=x,,PQ= y,,OQ=z,. 


Similarly, in triangle OMR, we have QOR=Band = (149) 
T(B)=[X»yY,.%] 

Hence OM=x,,RM=y, , OR=z,. 

Now from figure, SOR = A + B, hence 
T(A+B)=[OS,SR, OR] 

We find these lengths in terms of triplets of angle A and B. 
Now from figure, OPQ is similar to OTM 

Hence 1)(OT/OP)=(OM/OQ) Thus OT =(x, x ,/z, ) 
and = 2)(TM/PQ)=(OM/0OQ) Thus TM = (y,x ,/Z, ) 
Now NRM= SOR=A, hence OPQ is similar to RNM 
Hence 3) (NM/PQ)=(RM/OQ) 

Thus NM=(y, y,/z,) and 

4) (RN/OP )= (RM/OQ) 

Thus RN = (x,y, /z,) 

Again from figure, 

OS = OT - ST = OT-NM =(x,x,-y,y,)/z,and 

SR = SN+NR=TM+NR= (y,x, + x,y, )/z, 

Thus T( A+B )=[X, X,-Y,¥,,¥,%,+X,Y,>Z,Z,] 

12.5 Triplets for the difference of angles : 

Theorem : If T (A)=[X,.,y,,2Z, ], T (B) =[x,,y,,Z,] 
Then TTA -B]=[X,x,+y,y,.Y,X,-y,X, »Z,Z, ] 

Proof :- Construct two right angled triangles OSR & OQM 
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Now LNQM= LSOQ=A. hence AQNMis similar to AOSR. 


Hence 1) (NM/SR)=(QM/OR) hence NM=( y,y, / Z, ) 
2) (QN/ OS ) =(QM/OR ) hence QN = (x,y, /z, ) 
Again from figure, OT=OP+PT = OP + NM=(x,x,+y,y,)/Z, 
TM = PN = PQ - QN =(y,x, - y,X, )/Z, 
Thus T (A -B)=[X,x,+y,y,,Y,X,- YX, »Z,2, ] 
Examples : 
(1) Let T(A)=[3,4,5]andT(B)=[12,5, 13] 
Then T (A+B) =[ 312-45, 412 - 35 , 513] =[16,4, 65 ] 
T (A-B) = [312 + 45, 412 + 35 , 513]=[56, 33, 65] 


But lengths of hypotenuse of A-B and B are equal & each should 
13. Hence divide by 5, 


..T (A-B) = [56/5 , 33/5 , 13 J. 

(2)Find the triplets for A+B and A-B, given that, 
T(A)=[1,2,5 ] and T (B) =[3,2, 13]. 

( This work is left to the reader. ) 


12.6 We use the above two results to find the triplets for angle 
2A and angle zero 


We have T(A£B)=[x xX, +Y,Y,,Y .X, EX YZ 25] 
(1) Put B = A in A+B then [ x,y, z,] [x,y,Z, ] 

~-T QA) =[(4 (7 *Y 732% )y 452,71 
(2) PutB=A intriplet of A-B 


(150) with LSOR = A and LMOQ =B. 
Draw MT on OP, MN on PQ and extend it to meet OQ at R. 


Draw RS on OP as shown in the figure. 


Here in AOSR we have / SOR = A and T (A) = [ X,Y, ] 


Hence OS =x,, RS=y,, OR =z,. Similarlyin AOQM we have 
LMOQ=B and T (B)=[x, , y, ,Z, ]. Hence OQ=x,, QM=y,, 
OM = z,. 


Now from figure LTOM = A- B. 

Hence in AOTM T (A - B) =[ OT, TM, OM ] 

We find these lengths in terms of triplets of A and B. 

Now, AOPQ is similar to AOSR. 

Hence 1) (OP/ OS ) = (OQ/ OR ), hence OP = ( x,x, /Z, ) 
2) (PQ/SR ) = (OQ/ OR ), hence PQ =(y,x,/Z, ) 
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TO) =(x?+y/?,0,z,7] 
=[(277,0,27)] 
=(1,0,1) 


One may feel how T (0) exists when there is no triangle with an 
angle of measure zero and hence, T (0) =[ 1,0, 1 ] seems to be 
self-contradictory. But this is not the case. Firstly we have de- 
fined a triplet [ x , y , z ] which satisfies the condition x? + y?= 
z? .[ 1,0, 1 ] satisfies this condition. Secondly measures 0°, 
180° , 270° , 360° are the angles of triangle in their limiting 
cases. 


Hence we have T (0)=[ 1,0, 1 ] etc. 

12.7. Triplets for 90°, 180°, 270° and 360°. 

Consider a right angled triangle ABC with AC = x , CB = y and 
hypotenuse AB = z. F 


then 
T (A) =(x,y,z],T(B) = [y.x,z] 
T (A+B) = [0,x?+y?,z?7] 
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2/10 2°32] 


=[0,1,1] 
But A+B = 90° .. T (90°) =[0,1,1] 
Using formula triplet of angle 2A we get 
T (180°) = [-1,0, 1 ] and then T (360°)=[1,0, 1]. 
Note that T(0°)=[1,0,1]=T (360°) 
Also since T(180°)=[-1,0,1] and T(909=[0,1,1] 
T (270°) = T (180° + 90°) =[0,-1, 1]. 
12.8. Triplet for angle (A/2 ). 
Let A=[x,y,z]sothat 2?7=x’?+y’, 
Let OP=x,PQ=y,OQ=z 


Draw a circle with center O and radius OQ =z. L A and 
LPRQ are on the same chord QM and LPOQ =A, 


“, LPRQ=A/2 
Also, OR = OQ =z 


2D. 
EY 


Therefore the triplet of A/2=[RP,PQ,RQ] 
That is, T (A/2)=[x+z,y, Vx+zy+y’] 


This result is used to find triplet for 45°. 
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T (90°) =[0,1,1] 


T (45 =[(0, 41,1, VO+1)+1?)=[1,1, V2]. 


Another proof : 
T (45°) = [x,x, V2x] 
=(1,1,V2] 
V2x 
ZY 


x 


21.9. Triplets for 60° and 30°. 

Consider an equilateral triangle with each side of measure 2. 
Now AC = 2 and AB = 1 hence CB = 3 

For A = 60°, T (60°) =[ AD, DC, AC]=[1, V3,2] 


C 


Similarly for ACD = 30°, 
T (30°) =[ 142 , 3, V(1+2)? + (V3)? ]=[3, V3, 2V3] 
=(3,1,2)], after dividing by 3. 


12.10 Now, we are in a position to find the triplets for oe 
135°, 150° and also for the rarely used angles 15°, 75° . We 
state the results only. The verification is left to the reader. 
T(75°) =[V3-1,V34+1,2V2] 
T (120°) =[-1, V3,2] 
T (135°) =[-1,1, V2] 
T (150) =[-V3,1,2] 
T (300°) =[1,-V3,2] . 
T(15°) =(V3 +1, V3-1,2V2] 
T( 105°) =[1-3,14+3,2V2] 
12.11 Summary 
If T(A=(x,,y,.z,)&TB)=[(x,, y,,z] 
then for positive angles A and B, 
T(A+B)#(%,%-Y9,0¥,% +4972 
| T(A-B J=[X, xX, +Y,Y,,yY, %,-%,Y,.2,2,] 
T(0)= [1,0, 1] T (30°) =[V3, 1, 2] 
T (90° ) = (0, 1, 1] T (45°) =[1, 1, V2] 
T (180° ) = [-1, 0, 1] T (60° ) =[1, V3, 2] 
T (270° ) = [0, -1, 1] T (360°) =[1, 0,.1] 
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T(2A)=(x 2-y 7.2% ,¥,+2,'] 


T(A/2)=[x+z,y, VI(x+z2)?+y?] 


Cy ©, ) 
* ee “~ ~~ 
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CHAPTER 13. 


TRIGONOMETRICAL 
RATIOS 


13.1 Here we try to discuss how Trigonometry, one of the 
basic branches of mathematics, can be developed using Vedic 
Mathematics. It will be evident to the reader later on that Vedic 
approach to trigonometry is more easy and lucid than any other 
approach. The concept of triplets (TRIBHUJANK) is a base of 
entire Trigonometry. 


A xX 


Definition:If T (A) =[x,y,z]for any angle A in first quadrant 
then 

[1] sin A=y/z [2] cos A=x/z (3) tanA =y/x 
[4] cosec A=z/y [5]secA=z/x (6) cot A= x/y. 
Note: 

1. When A lies in second quadrant, T (A) =[-x,y,z] 

2. When A lies in third quadrant, T (A) =[-x,-y,z] 

3 When A lies in forth quadrant, T (A) =[ x,-y,z] 


4. The definition of trigonometric ratio will vary accordingly. | 


(158) 

We note that sine, cosine, tangent etc. are all circular 
functions. If A is the measure of an angle then their is one and 
only one value of sin A. This gives rise to a function from the 
set of measures of angles which are real numbers to a set of real 
numbers in form of a ratio y/z. This function is called sine func- 
tion. Its domain is R , i.e. set of real numbers. Similarly for the 
other functions. 


13.2. Relations between trigonometric Ratios 
From definitions above we can state following relations: 
[1] (sin A/cos A)=tanA [2] (cos A/sin A )=cotA 


[3] (1/tan A )=cotA [4] (1/sin A )=cosec A 
[5] (1/cos A)=secA 


13.3. Now we shall establish some basic results . 

To prove : [1] sin®?A+cos?A=1 [2]1+tan?A=sec?A 

[3] 1 + cot? A=cosec?A 

Proof : Let, T(A)=[x,y,Z] then sin A=y/z,cosA=x/z 

hence sin? A + cos? A=(y?/z?)+(x?/z?) 
=(y?+x?)/z?=(z7/z7)=1 

Similarly, 

1+tan? A=1+(y 2/x?)=(x 2+ ?)/x2=z ?/x?=(z /x)? = sec? A 


1+cot?A=1+(x?/y?)=(y?+x2)/y? =z?/y?=(z/y)’= 
cosec? A 


Illustrative Examples : 

Ex.[1]. 

If sin A = 11/61, obtain tan A and cos A. 
Answer : Let, T(A)=[x, 11,61 ] 
x?4121=3721  x?= 3600 andx = 60. 
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T(A)=[60,11,61 ] andcos A=60/ 61, tanA= 11/61. 
Ex.{2]. sin =3/2, lies in 2nd quadrant. Obtain cos and tan. 
Let TOQ=[(x,3,2] 

x7o4.3= 1 

x= 1.Since is in II quadrant, x is negative. 

TOQ=[-1,3,2] 

andcos =-1/2, tan = - 3. 
Ex.[3]. If tand = 1/7, find the value of 

(cosec?0 - sec76 )/(cosec?6@ + sec76 ) 

Let TQ =[V7,1,z] thenz?=7+1=8 andz=V8 

TO=[V7, 1,8] thus cosecd = V8/1,sec = V8/7 
(cosec 6 -sec 70)/(cosec 70 +sec 6 ) = 
(8-8/7)/(8+8/7) = 48 / 64=3/4. 
13.4 Trigonometric ratios for standard angles using triplets 
(1) T(0°)=[1,0,1], sin0°=0/1=Oandcos 0 =1/1=1. 
(2) T(30°)=[3,1,2], sin30=1/2 andcos 30 =3/2. 
(3) T (45°) =[1,1,2], sin 45 =1/2 and cos 45 = 1/2. 
(4) T (60°) =[1,3, 2], sin60=3 /2 andcos 60=1/2. 
(5) T (90°) =[0,1,1)], sin90=1/1=1 andcos90=0/1=0 
(6) T (180°) =[-1,0,1], sin 180 = O and cos 180= -1 


The other trigonometric ratios can be obtained similarly. We 
summarize these results, ( all angles below are in degrees ) 


A 0 30 45 60 90 #180 270 360 
sn A 0 1V2 1V2 3V2 1 0 -l 0 
cosA 1 3V2 1V2 1V2 0 -1 0 1 


(160) 
13.5 Trigonometric Ratios for supplementary and comple- 
mentary angles 


Angles A and B are supplementary if A + B = 90° 

and complementary if A + B = 180° 

Note 

IfT(A)=[Xx,, y, Z,] and T(B)=[x,, y, ,z, ] then 
(a) T( A+B )=[X,x, - y,y,.y,X,+X,Y, »Z,2Z, ] and 
(b) T(A-B)=[,x, + y,Y,.¥,X)- XV» 2,2, ] 
(c) T(2A)=[X,?-y?,2x,y,,2,7] 
(d) T(A/2)=[x,+2Z,,Y, (%,+2,)?+y,7] 


(1) To prove:sin (90° - A)=cos A, cos (90°-A)=sin A and 
tan (90° - A) =cot A 
Proof: Let T(A)=[x,y,z], TQ0)=[0,1,1] 
then T (90°- A)=[y,x,z] { Refer Note } 
Now sin (90° - A) =x/z,andcos A=x/z 
sin (90° - A) =cos A 


Also cos (90° - A) = y/z = sin A and tan (90° - A) 
= x/y=cotA 


(2) To prove:cos (90° + A)= - sin A and sin (90°+A)= cos A 
Proof : We have T (90°)=[0,1,1], T(A)=[x,y,z] 
T (90° + A) =[-y,x,z] {Refer Note} 
cos (90° + A) =-y/z=-sin A 
sin (90° + A) = x/z=cos A 
(3) To prove : sin (180° - A) = sin A, sin (180° + A) =-sinA 
and sin (360°- A)=sinA 


(161) 
Proofs left for the reader. 


(4) To prove: sin(-A)=-sinA 
cos(-A)=cosA 
Proof : we have, T(0°)=[{1,0,1] 
Let, T(A)=[X,y,Z] 
T(O-A)=[x,-y,z] 
te. T(-A)=[x,-y,z] 
sin (- A) =- y/z=-(y/z )=- sin A and 
cos (-A)=x/z = cosA. 
13.6 Illustrative Examples : 
(1) Show that sin 120° = 3 /2 and cos 120° = -1/2. 
120° = 90° + 30° hence T (120°) = T (90+30) 
Now T (90°) =[1,0, 1 ] and T (30°) =[1,3,2] 
hence T (120°) =[-1,3 , 2] and we get 
sin ( 120°) = 3/2 and cos ( 120°) = -1/2. 
(2) If sin A=12/ 13 , sin B=4/5 find sin (A - B), sin (A +B), 
tan (A + B) 
Here T (A) =[5,12,13],T(B)=[3,4,5] 
T (A+B) = [-33 , 56,65], T(A-B) =[63, 16, 65 ] 
sin (A+B) = 56/65 , tan (A+B) = -56/ 33 , sin (A-B) = 16/65. 
(3) If tan A= 12/5 find sin 2A and sin( A/2) 
Here T (A) = [(5,12,13] , hence T (2A )= [-119,120,169] 
sin 2A = 120/169 
Also T (A/2)=[17, 12, V433 ] 
sin( A/2)=12/V433 
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(4) If tan A = 5/6 and tan B=1 / 11 show that tan(A+B)=1 


Here T (A) =[6,5, V61],T(B)=[11,1, V122] 
T (A+B) = [61,61 ,612]=[1,1, V2] 

tan (A +B) =1/1=1. It is obvious that A+ B= 7/4. 

(5) Show: cos (2 27/3) tan (3 1/4)-2cos (5 11/6) sin (2 1/3) =2 
T (2 n/3)=T(x- 2/3 )=[-1, V3,2], 
T(3.2/4)=T(x-n/4)=[-1,1, V2], 
T(5n/6)=T(x-2/6)=[-V3,1,2] 

LHS = (-1/2)(-1) + (V3 )(V3/2)=2=RHS. 

(6) Prove : sec (1/4 +) . sec (1/4 - ) = 2 sec 20 

Proof : T (1/4) =[1,1, V2] 
Let, T(0) =[x,y,1] 
T (m/4+0) =[x-y, x+y, V2] 
T(n/4-0) =[x+y,x-y,V2] 
T(20) =[x’-y’?,2xy,1] 
LHS =(V2/x-y ) (W2/x+y )=2/(x?-y?)=2 sec20= RHS. 

(7) Prove : sin 105° + cos 105° = cos 45° 

Proof :T (90°) =[0,1, 1], T (159) =[3+1,3-1,22] 
hence T (105°) = T (90° + 15°) =[1-3,1+3,22] 
LHS = (1 + 3) /(22)+(1-3)/(22) 

=2/ (22) 

=1/2, asT (45)=(1,1,2] 

= cos 45° = RHS. 

(8) Show that sin 420° cos 390° + cos (-300°) sin (-330°) = 1 
Hint : T (420°) = T (360° + 60°) =[1, V3,2] 


(163) 
T (390°) = T (360° + 30°) = [V3,1,2] 
T (300°) = T (360° - 60°) =[ 1, -V3,2] 
T (330°) = T (360° - 30°) = [V3 ,-1,2] 
Also_ cos (- 300°) = cos (300°) and sin (- 330°) = - sin (330°) 
LHS = (V3/2)(V3/2) + (1/2)(1/2) = (3/4) + (1/4) = 1 = RHS. 
(9) Show that sin1460° + cos1190° = 0 
Since 1460° =(4x 360°) +20 
T (1460°) = T (20°)=[x,y,z], say 
Also T (1190°) = T (3 x 360° + 90 + 20) 
= T (90° + 20°) =[-y,x,z] 
LHS = y/z + (- y/z) =0=RHS. 


(10) If cos A = 11/61 , sin B = 4/5 and A,B are both acute 
angles, find 


sin’*(A-B)/2 and cos?(A+B)/2. 


Here T (A) =(11,60,61],T(@B)=[3,4,5] 
T (A+B) = [ -207 , 224, 305 ] 
T (A-B) =[ 273 , 136, 305 J 


T[ (A+B) /2) =[ 98 , 224, V2 x 305 x 98] 

T[ (A-B)/2) =[578, 136, V2 x 305 x 578 ] 
sin?[((A-B)/2] =[136/(V2x 305 x 578) ]?=16/ 305 
cos?((A+B)/2] =[98/(V2x 305 x 98 )]? =49/ 305 
(11) Prove (1 - tan A)/(1+tan A) = (cot A - 1)/(cotA+ 1) 

Let, T(A)=[x,y,z] 
tanA =y/x, cotA=x/y 
LHS = [1-(y/x)] / [1+(y/x)] = x-(y/x)+y = (x/y)-1/(x/y)+1 
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=(cotA-1)/(cotA+1)=RHS. 


(12) Show: sin 2A/(1+cos2A)= tanA 
Let, T(A)=[x,y,1] 
T(2A) =[x?-y’, 2xy,1] 


LHS = 2xy / [1 + (x? - y’) J But x*+y?= | 
= 2xy / 2x? = y/x = tan A = RHS. 


(13) Show : (sec A- tan A )?=(1-sinA) /(1+sinA) 
Let, T(A)=[x,y,1] 
LHS = (1/x - y/x)?=(1- y)?/x°=(1- y)?/(1-y’) 
= (l-y) / (1+y) = (1-sin A) / (1 + sin A)=RHS 
(14) Show (tan A+tanB)/(cotA+cotB)= tanA tanB 
Proof: Let, T(A):(x,,y,, 1), T(B): (x, y,, I) 
LHS = [ (y,/x,) + (y,/x,) 1/1 (&,/y,) + &,/y,) J 
= [(y,x,+x y,)/ (x,x,)]/ [,y,+y,x,) / (yy »)] 
=(y y)/& x J=Cy /x,)(y,/x,) 
=tan A tan B =RHS. 
(15) Prove: sin( A+B) sin( A-B )=sin?A - sin*B 
let T(A)=[x,,y,,1],T@=([x,,y,,1] 
T (A+B) =[x %,-y,y, »X,y,+y,x,, 1] 
T(A-B) =[x,xX,+y,y,.>X.Y, -yX,>-1] 
LHS =(y .X,+X,Y)(Y ;%2-X,Y,) 
=y x, "x *y,?=y7(1-y,2-(1- yy 
=y ?-y,? 
. = sin?A - sin?B = RHS. 
(16) Show : [1 + tan?(45° - A)]/[1 - tan?(45° - A)] = cosec 2A 
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Wehave TT (45°)=[1,1,V2],Let T(A)=Ix,y, i 
T (45° - A) =[x+y, x-y, 1] and T (2A) =[x?- y’, 2xy, 1] 
LHS = {1+[(x - y)/ (x+y)? V{1- [-y)/(xt+y)]7} 
= 1/2xy = cosec2A = RHS 
(usex?+y?=1) 
(17) Solve the equation : 3cot 7A +5 = 7cosec A 
Let, T(A)=[x, y, 1] then 3cot 7A + 5 =7cosec A gives 
3(x/y)?+5=7(1/y) But x?+y?=1 hence 
3 (1-y*V/y? + 5 = 7ly 2y? -7y +3 =0 
Solving we get y = 1/2 or 3. x = V1-y? = V3/2 or x= V-8 
x = V-8 is rejected as it is imaginary 
T (A) = (V3/2,1/2,1) sinA=1/2, A=30° 
13.6 Trigonometric Values For 18 ° and 36 °. 


Let, T(A) =[x,y,1] 
T (2A) =[x’-y’, 2xy,1] 
and T (3A) = [ x (x? - 3y”), y (3x?- y’),1] 


T (90° - 3A) = [ y(3x? - y’) , x(x’ - 3y’), 1] 
Now 36° = 90° - 54° 


2A =90°- 3A Thus sin 2A = sin (90° - 3A)2xy = x(x?- 3y’) ie. 
2y =x’?-3y?=1-4y? 4y?+2y-1=0. 


because x? + y? = 1 
y =(-2+2V5)/8=(-1+V5)/4 
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T (18°) = (( V10 + 2V5 )/4, (-1+ V5)/4,1] 


T 36% =[4+4V5, V10-2V5, 16] 
=[1+V5/4, V10-2V5/4,1] 


Thus sin18° =(V5-1)/4,andcos 36°=(V5+1)/4 


Note that we need not remember any trigonometric formulae to 
find the desired result. This is the advantage of VM over usual 
methods. 


EXERCISE :13.1 


Ex.{1] If tam A=V11/5, sec B= VI11/7, A lies in III 
quadrant and B lies in forth quadrant. Find the value 
of cosec A-sin B. 


Ex. [2] If sin A/3=sinB/4=1/5 andA and B both lie in 
second quadrant show that 4cos A +3 cos B =°5. 


Ex. [3] If tan =2x(x+1)/(2x+1) obtainsin and cos. 
Ex.[4] If T(A)=[4,3,5] obtain T(A 45°) 


Ex.[5] In SABC, AB=AC and T (B)=[ 12,5, 13]. 
obtain T (ABC) 


Ex. [6] Find the value of cos105° + tan135° - sec315° 


Ex. [7] Show: cos A + sin (270°+A) - sin (270°-A) + cos 
(180°+A) = 0. 


Ex. [8] | Show : cos570° sin510° - sin330° cos390° = 0. 

Ex. [9] If tan @= 4/3, sinO = 1/V2, obtain the value of 
tan (20 +30) - 

Ex. [10] Show : sec?A(1 + sec2A) = 2sec2A. 
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Ex. [11] Show: sinA sin (60-A) sin (60+A) = 1/4 sin3A. 


Ex. [12] Show: sin?(/8 + A/2) - sin*?(/8-A/2) = 1/2. 
Ex. [13] Prove: cot A + cot (60+A) + cot (60-A) = 3cot3A 
Ex. [14] Prove: (1) tan2A = 2tan A/(1 -tan’A ) 
(ii) sin A = (2tan A/2) / (1 + tan? A/2) 
(iii) cos A = (1 - tan? A/2) / (1 + tan? A/2) 
Exercise 13.2: Derive the following identities : 
1) cos *A - sin 4A + 1 = 2cos 7A 
2) (sin A +cos A )(1- sin Acos A )=sin 7A + cos 3A 
3) (sin A/ 1+cos A) +(1+cos A/sin A) = 2cosec A 
4) (tan A/ 1 -cot A) + (cot A/1 -tan A) =sec AcosecA + 1 
5) (sec A - tan A/ sec A + tan A) = 1 - 2sec A tan A +2 tan7A 
6) (1/cosec A-cot A)-(1/sin A) = (1/sin A) - (1/cosec A + cot A) 
7) [1 / (sec 2A - cos 7A) + 1 /(cosec 2A - sin 7A)] = 
(1 - cos 7A sin 2A) / (2 + cos 7A sin 7A) 
8) [sin (A - B)/cos Acos B ] +[ sin (B - C)/cos B cos C } 
+ [sin(C - A)/cos Ccos A]=0 
9) cot( 7/446) cot( m1/4-8)=1 


10) (1-cos A + cos B-cos (A+B) / (1+cos A - cos B-cos (A-) = 
[tan (A/2)cot (B/2) 


11) Show: (sin 0+ sin2 0)/(1+cos9® +cos26)=tan9 
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12) Prove : 


(sin A+sin B)/(sin A-sin B)=tan [(A+B)/2]/tan [(A-B)/ 2] 
13) Show : (sin?A-Sin*B)/(Sin A cos A - Sin B cos B)=tan (A+B) 
14) Show : cos? 2 6 + 3cos2 0 = 4(cos*@ - sin® 8) 

15) Show : cos? cc + cos*(cc + 120°) + cos?*(cc - 120°) = 3/2. 
16) Solve the equations: (I) tan2A = 4tan A 

(ii) 1 - sin A = 2cos?A 

(ii1) 3cot2A + 7tan A = Scosec2A. 
17) Show: cos* 1/8 +cos*3 1/8 + cos’5 2/8 + cos*7 n/ 8 = 3/2. 
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CHAPTER 14. 


INVERSE 
TRIGONOMETRIC 
FUNCTIONS 


14.1 We know that if sinA = 1/2 then A =sin (1/2). 

sin '(1/2) is inverse sine function. Similarly inverse cosine, in- 
verse tan functions are defined. Here we shall assume that wher- 
ever needed, inverse of a function exists i.e. the given function 
is both one to one & onto. The required domain and co-domain 
are assumed. We will skip here the definition of an inverse func- 
tion. we 

14.2 Using triplet method, the problems on inverse trigono- 
metric functions can be solved easily. Here we present the so- 
lutions of some of them. 

Illustrative Examples. 


Ex. (1) Show that tan"'( 1/2 ) + tan"( 1/3.) = /4. 
LetA=tan(1/2) ,tanA=1/2T(A)=[2,1,5] 
B=tan'( 1/3) ,tanB=1/3 T(B)=[3,1,10] 
T(A+B) =[5,5,50] tan(A+B) = 5/5 = 1 and A+B= /4 
tan!( 1/2 )+ tan'( 1/3) = /4. 
Ex (2) Show : sin?( 3/5 ) + tan!2 = tan''( -11/2 ). 
LetA=sin'3/5 sin A=3/5 T(A)=[4,3,5] 
B = tan'!2 tan B=2 T(B)=[1,2,5] 
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T(A+B) =[-2, 11,55] 


tan(A+B) = -11/2 and A+B = tan! (-11/2 ) 
tan! (3/5 ) + tan!2 = tan'(-11/2 ). 
Ex (3). Show : 3 tan 1/2 ) = tan" 11/2 ) 
Let, A=tan'( 1/2), tan A = 1/2 T(A) =[2,1,5]. 
Now T(2A)=[3,4,5] and TA) =[2,11,55] 
tan3A = 11/2,and 3A = tan'( 11/2 ) 
3 tan?( 1/2 ) = tan ( 11/2 ). 
Ex (4). Show: sin!(3/5) + sin(8/17) = sin(77/85) 
Let, Az=sin'3/5 ,sinA=3/5 T(A)=[4,3,5] 
B =sin' 8/17, sin B = 8/17 T(B) =[15,8,17] 
Now T(A+B) = [ 36, 77 , 85 ] 
tan(A+B) = 77/85 and A + B = tan"'(77/85) 
sin! 3/5 + sin! 8/17 = tan! 77/85. 
Ex (5). Show: cos™( 4/5 ) + tan! (3/5 ) = tan! (27/11). 
Let, A=cos! 4/5 T(A)=[4,3,5] 
B = tan"! 3/5 T(B) =[5,3, 34] 

Now T(A+B)=[11, 27, 729] then tan(A+B)=27/11. etc. 
Ex (6). Show 2cos!(3/13) + cot™! (16/63) + (1/2) cos! (7/25) =. 
Let, A=cos 13/13 cos A = 3/13 

B = cot ' 16/63 cot B = 16/63 
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C=cos !7/25 cot C = 7/25 


Thus T(A) =[3,2,13 Jand T(2A)=[5,12, 13] 
Now T(B) =[ 16, 63 , 65 Jand T(C) = [7 , 24, 25 ] 
T(C/2)=[4,3,5] 
T2A+B+C/2)=[-1,0,1J=TQO 2A+B+(1/2)C= 
Ex (7). Show : (1/2) tan"'( 12/5 ) = tan"!( 2/3). 
Let, A=tan' 12/5 tanA = 12/5 
T(A) =[5, 12, 13] and T(A/2) =[ 18, 12, 613] 
Thus tanA/2 = 12/18 = 2/3 and A/2 = tan! 2/3 
(1/2) tan! (12/5) = tan “'( 2/3). 
Ex (8). Prove: tan! (1/4) + tan™( 2/9) = (1/2) cos"( 3/5). 
Hint :-T(A) = [4, 1, 17], T(B) = [9, 2, 85 ], TC) = [3, 4, 5 ] 
T(A+B) =[2,1,5]andT(C/2)=[2,1,5] ete. 
Ex (9) Prove: 2 tan“(1/3)+tan7?(1/7)= /4 
Hint : T(A) = [ 3, 1,10], T(2A) = [8, 6, 10), T(B) = [7,1,50 ] 
T(2A+B) = [50,50 ,5000J=[1,1,2] etc. 


Ex (10). Prove : tan (1/3) + tan ' (1/5) + tan -“'( 1/7) + tan-'(1/ 
8)= /4 


Hint: T(A)=[3,1,70], T(B)=[5,1, 26] 
T(C)=[7,1,50], TD) =[8,1,65] 
T(A+B) =[7,4, 65 ] and T(C+D) =[ 11,3, 130] 
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Thus T(A+B+C+D) =[1,1,2] etc. 


EXERCISE : 


Prove the following results 
1) sin! 1/5 + cot!3 = /4 
2) cos! 4/5 + cos?! 12/13 = cos! 33/65. 
3) 2tan! 1/5 + tan! 1/7 + 2tan' 1/8 = / 4. 
4) tan! x + tan! (1-x)/(1+x) = /4. 
5) 2cos'3/13 + cot! 16/63 + 1/2 cos! 7/25 =: 
6) 4tan’ 1/5 - tan! 1/239 = /4. 
7) cos! 63/65 + 2tan"! 1/5 = sin! 3/5. 
8) sin! 3/5 - cos! 12/13 = sin! 16/65. 
9) 3tan! 1/4 + tan! 1/20 = /4 - tan! 1/1985. 
10) cos(2tan"™ 1/7) = sin(4tan"! 1/3) 
Hint :- Let, A=tan'1/7 T(A)=[{7,1,50] 
T(2A) =[24,7,25] 
cos2A = 24/25 
Let, B=tan'1/3 T(B)=[3,1,10] 
T(2B)=[4,3,5] 
T(4B) =[7,24,25] 
sin4B = 24/25 
cos2A =sin4B. etc. 
11) sin! 1/5 + cos'!3 = /4. 
12) cos 9/82 + cosec'!41/4= /4. 
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CHAPTER 15. 


HEIGHTS AND DISTANCES. 


15.1 Ifx, y, zare the sides of a right-angled triangle ( as shown 
in figure. ) then we have the triplet of a angle A as 
T(A)=[x,y,Z] 


2) 


A B 
x 
15.2 This definition is used to solve the problems on heights 
and distances by VM method. The angles mentioned in this 


chapter are measured in degrees. 
Illustrative Examples. 


1) A flagstaff is at a distance of 60 m from the observer on the 
road. The angle of elevation of flagstaff is 30°. 
Find its height. 
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T (30°) = [3, 1,2] T(A) =[60,h, AB ] comparing 
V3/60 =I1/h h =60/ V3 =34.64m 


2) The angles of elevation of a church top as seen from the two 
places, 30 m apart on the same line, are 45° and 60° respec- 
tively. Find the height of the church top. P 

Let, BC =x, CP=h, A=45°, B= 60° 


Now T(A) = T(45) hence [ 30+x ,h, APJ=[1,1,2] 
(30+x)/1 =(h/1) —h=304% wn (1) 


Also, T(B) = T(60°) hence [x ,h, PB] =[1, V3,2] 
1 (x/1)) -=(hs/3) x=h/V3 
”. From (1) h=30+(h/3) 
Thush =30/(1-1/V3) orh=70.98 m. 


3) The angles of depression of the foot and top of a tree, as seen 
from a tower 60° m. high are 60° & 30° respectively. Find the 
height of a tree.4 
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Let, height of tree =h. 
horizontal distance of tower from tree =x 


LEDA = 30°, LBCA=60° (EDA) =T(30°) 
[x,60-h , AD]=[V3,1,2] 


.(V3/x) =1/(60-h) ..x=V3(60-h) a... (1) 
Also, T( BCA ) = T(60°) 
“[Ex,60,AC]=[1, V3,2] 
x/1=60/V3 (2) 
From (1) & (2), 60 / V3 = V3(60 - h) 


h = 40 m. 


4) The angle of elevation of top of a 150 m height tower, as 
seen from another tower is 30°, the horizontal distance between 
their bases standing on the same road is 60 m. Find the height 
of 2nd tower. 


B 
D E 
h 

C 60 - 


Let CD =h, LEDB = 30°, T( EDB ) = T(30°) 
(60, 150-h, DB] =[V3,1,2] 60/V3=(150-h)/1 
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Thus h = 150 - 20V3. 


5) The angle of elevation of an unfinished tower from a point 
120 m on the road is 45°. After finish of the tower this angle 
becomes, 60°. Find how much was the tower raised ?. 


D 
X 
C 


h 


A B 


120 
T( BAC )=T(45°) [120,h, AC]=[1,1,V2] 
 120/1=h/1 h=120. 
T (BAD ) = T(60°) [120,h+x,AD]=[1, V3, 2] 
“. 120/1=(h+x) /V3 h+x= 1203 
i.e. x = 120V3 - h = 120V3 - 120 = 87.84 m. 

6) The pillars of same height stand on the opposite sides of a 

road 100 m. wide. At a point on the road on the line joining 


their bases, the angles of elevation of there pillars are 60° & 
30°. Find the height of pillars & the position of the point. 


B D 
h h 
A Zz . 


O 100-x 
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T( AOB ) = T(60°) [x ,h, OB] =[1, V3, 2] 


x/l=h/V3 
— (1) 


T( COD ) = T(30°) .. [100-x,h, OD] =[V3,1, 2] 


1 (W00-xVV3=h/1 00 (2) 


From (1) & (2) (100- x )/VW3=V3x x=25m., AO=25m 
OC =75m. Also, h=xV3=25V3=43.3m 


EXERCISE : 


1) 


2) 


3) 


4) 


Ata certain point the angle of elevation of a tower is found 
to be such that its cotangent is (3 / 5), on walking 32 ft. 
directly towards the tower the angle of elevation is an 
angle whose cotangent is (2 / 5). Find the height of the 
tower. 


Ata point A , the angle of elevation of a tower is found to 
be such that its tangent is (5 / 12), on walking 240 ft. nearer 
the tower the tangent of angle of elevation is found to be 
(3 / 4), what is the height of the tower ?. 


Find the height of a chimney when it is found that, on 
walking towards it 100 ft. in a horizontal line through its 
base, the angular elevation of its top changes from 30° to 
45°. 


An observer on the top of a cliff, 200 ft. above the sea- 
level, observes the angles of depression of two ships at 
anchor to be 45° and 30° respectively. Find the distances 
between the ships if the line joining them points to the 
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base of the cliff. 


5) The upper part of the tree broken over by the wind makes 
an angle of 30° with the ground, and the distance from the 
root to the point where the top of the tree touches the 
ground is 50 ft., what was the height of the tree ?. 


6) What is the angle of elevation of the sun when length of 
the shadow of a pole is 3 times the height of the pole ?. 


7) The shadow of a tower standing on a level plane is found 
to be 60 ft. longer when the sun’s altitude is 30° than when 
it is 45°. Prove that the height of the tower is 30( 1+V3) ft. 


Answers : 
11) 160 ft. 12) 225 ft. 13) 136.6 ft. 
14) 146.4 ft. 15) 86.6 ft. 16) 115.35 ft. 
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CHAPTER 16. 


Solutions of Triangles . 


16.1 A triangle has six elements : 3 sides and 3 angles. The 
process of finding all these elements if any two (or three) are 
given is called solving a triangle. 


Here we discuss how VM is used to solve a triangle. In 
preceding chapters, we have given the concept of a triplet of an 
angle of a right-angled triangle, which we will use here. 


16.2 Firstly we deal with a right .angled triangle. 
Let its sides be x,y,z. 


& 


A B 
xX 


Then T(A) = [x, y, z], T(B)=[y, x, z] & T(90°) = [0, 1, 
1) 

and we have sin A=y/z,sinB=x/z 

Thus when all three sides are known, we can find the 
angles and thus all six elements are known. In a right-angled 


triangle it is not necessary to know all three sides, any two are 
enough. 


We now proceed to the cases of triangle, which are not 
right angled. In all three cases the triplet of an angle is to be 
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found first. 


16.3 Case [1] when all the three sides are given. 
A 


Cc D B 
Let, BC=a, A=b and AB = and all angles are acute. 
Let, AD BC 
To _ To find the triple of B, AD must be known. 
Now, AD*=AB2-BD?2=AC2- DC? 
c? -BD’*=b?-(a-BD)? 
2a BD =c*+a*-b? 
BD =(c?+a?2-b?2)/2a 
AD?*=c?-BD? 
T(B) =[BD,DA, AB ] 
=[(c?+a’*-b*)/2a,DA,c] 
Similarly T(C) =[DC,AD, AC] 
=[(a?+b*-c?)/2a,AD,b] 
and LA =x-(B+C) 


Thus all angles are known. 
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Ex : Given a=6 , b=5 , c=4 obtain the angles of triangle ABC. 


A 
Here, BD =(c?+a2-b2)/2a = (16+36-25)/12=9/4 
AD = V162-(9/4)? = V256-81/16 =5 V7/4 
T(B) =(9/4 , 57/4, 4] 


Hence tanB = 5 V7/9 
Also, DC =(a?+b?-c?)/2a = (36 + 25- 16)/12= 15/4 
TIC) =[15/4 ,57/4, 5] 
tanc = V7/3 
and LA=2-(B+C) 


Thus triangle is completely solved. 


EXERCISE : 

Solve the triangle completely from the following data. 

A) a=32,b=40,c=66 (ANS :- C= 132°, 34, 32) 
B) a=56,b=65 ,c=33 (ANS :- C= 90°) 


C)a=7,b=4V3,c=13 ( ANS :- C= 30° ) 
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D)a=2,b=V6,c=3-1 (ANS :- 45°, 120°, 15°) 
E)a=2,b=V6,c=3+1 ( ANS :- 45°, 60°, 75° ) 
16.4 Case [2 } Given two sides and the included angle. 


Assume that sides a & c and the included angle B is 


given. 
A 


D B 


Let,T (B) =([BD,DA,ABJ]=[BD,AD,c] 
Now BD =c. cos B . From this BD can be obtained. 
T(C)=[(CD, AD, AC]=[a-BD, AD, AC] & AC?= (a-BD)’+AD? 
This will give angle C 
Also, BD=(c?+a?-b7?)/2a. Thi swill give b 
Hence triangle is completely solved. 

Ex : Given TB) S232 51) Be= 2) , AB = 10 

find all the angles and all sides of triangle ABC. 

G 


At E be midpoint of AB. 
Draw perpendiculars ED and AF. 
BE=5 


Now, BD =BEcosB =5(3/5)=3 ED=4 


As BDE & BFA are similar. AF/ED = AB/ AE. 
Thus (AF/4) =(10/5) AF =8 


Also, BC =21 and BD =3 FC = 18 
Now AC? =FC?+AF? =18748? 

AC = 388 =b 

TIC) =[18,8, 388] 
and A = -(B+C) 


Ex: Given b= 3 , c=1, A=30° solve the triangle. 
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Here A = 30°, T(A) = (V3,1,2] 

Draw BE to AC. Exlend AB upto D so that ACD = 90° 

As(AD/AB) = (CD/BE), BE=1/2 

Also, (AE/ AC) = (AB/ AD), AC=3/2 CE =3/2 

Now , BC? = CE?+ BE? = (3/2)?+(1/2)?=1 
T(C) =[CE, BE, BC] = (3/2, 1/2,1] = [3, 1, 2] 
C=30° and B=180-(A+C) =120° 

Thus A =30°,a=1, B= 120°, b=3, C=30°",c=1 

Hence triangle is solved. 


Ex: Given a=2,b=1+3,LC=60°, solve the tri- 
angle. B 


e D 
Now, T(C) = 1(60°) =[1,V3,2] 
CD =1,DB=V3.CB=2 
And CD =1+V3 AD = V3 
HereAB = V(AD°+DB’) =V6 
T(A) = (V3, V3, AB] =[V3,V3,6]=[1,1, V2] 
A =45° and C = 60°, B = 180 - (45 + 60) = 75° 


The triangle is solved. 
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EXERCISE : 


Solve the triangle in the following cases. 
(Ija=V3+1,b=V3-1,LC=60° 
[2]Jb=1, c= V3-1,LA=60°, Find a 
[3]b=91, c=125,tanA/2=17/6, Show that a= 204 
[4Ja=S, b =4, cos(A - B) = 31/32 then show that c = 6 
[S5]a=40, b=40V3,C=30° 
Answers :- 
[1] V6, 15°, 105° [2] a=.8965 [5] 40 , 120°, 30°. 
16.5 SINE RULE: 


To prove the sine rule:(a/ sin A) = (b/ sin B) = (c/ sin C) 
A 


Proof : 
T(B) =[BD, AD, AB] and T(C)=[CD, AD, AC] 
sin B= AD/AB=AD/cand sinC=AD/AC=AD/b 
AD =b sinC=csinB 


b/ sin B =c/ sin Cetc. 
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16.6 Case [3] - Two angles and a side is given. 
Ex: Given T(B)=[12,5, 13], TO =[3.4,5],b=20 

Solve the triangle. 

sin B=5/ 13, sinC=4/5 
and from b sin C = c sin B we get 20 (4/5) =c (5/13) =41.6 
Now T(B+C) =[16,63,65]and T(180)=[-1,0,1] 
Hence T(A) =T( 180- B+C )=[-16, -63, 65] 
Thus sin A = -63 / 65 
Now, asinB =bsinAie. a(5/ 13) =20 (-63 /65) 

a = |-252/5|=252/5 


Thus a =252/5 sin A = -63 / 65 
b =20 sinB = 5/13 
c = 41.6 sinC =4/5 


Ex: Given b =2,c=6,T(C)=[3,4,5 ].Find T(B). 

Let, T(B)=[x,y,z] 

Now bsinC=c sin B hence 2 (4/5) =6 (y/z) 

° y/z=4/15 

Thus T(B)=[x,4, 15] 

Now x?=z?-y? =225- 16=209 

T(B) = [V209 ,4, 15] 

EXERCISE : Solve the triangles: ANSWERS : 
Ilha =2, c=V34+1,A=45° 1)B=30°,C=105°, b= V2 
2)a =100,c=100VZ, A=30° 2)B=15°,C=135°,b=51.76 
3)a =6, b=6, A=30 3) C=4V3 42V5 
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4)b =50V3,c= 150°, B=30° 4)Rt.angledtriangle,a=100V3 
5) 2b = 3a and tan A=V3/5 5) Rt. angled triangle. 


Note :- In each case, we will get two triangles of which answer 
for one is given here. 


16.7 The three angles ABC are given. 
In this case it is convenient to use the sine rule. 
a/sinA =b/sinB =c/sinC 
Ex: Given A =45°, B = 75°, C = 60°. Solve the triangle. 
We have T(A) =[1,1,2] 
T(B) = (3-1 , 3+1 , 22 ] 
T()=[(1,3,2] 
By sine rule : a/ (1/2) =b/ (3+1/2)=c/ (3/2) etc. 
EXERCISE : 


1) If cos A=17/22,cosC=1/ 14. Obtain the ratio a: b:c 
2) The angles of a triangle are in the ratio 1 : 2 : 7.Obtain sides. 


The advantage of VM over traditional Math’s is that we need 
to remember the triples only. 


16.8 The cosine of angle A is given by 
cos A=b?+4+c?-a?/2bc. 


Definition :- b? +c? - a? is called the angle deficiency for 
angle A.It is useful to find the angles if sides are given. 


(188) 
To prove: In triangle ABC show that a= b cos C+ c cosB 


A 


Here T(B) = [BD ,DA, AB ] and T(C)=[CD,DA, AC} 
b cos C+ccos B = AC(CD/ AC) + AB (BD/ AB) 
= CD + BD=BC =a. 


The other results required for solving a triangle are given be- 
low & can be easily verified. 


1) tan [(B-C)/2]=cot(A/2)(b-c)/(b+c) 

2)cos A=(b24+c?-a7)/2ca 

3) tan ( A/2 ) = (s-b)(s-c) / s(s-a) where 2s =a+b+c 

4) sin A=(2/bc) s(s-a)(s-b)(s-c) 

Ex : If a=13, b =14, c=15, obtain tan (B/2) and sin (A/2) 
Here s=(a+b+c)/2=(134+144+15)/2=21 

sin (A /2)= [(s-b)(s-c)/bce] = [(7 6)/(14 15)J=1/5 
tan (A / 2) = [(s-b)(s-c) / s(b-a)] = [(6 8)/(21 7)] =4/7 
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PART (III) 


COORDINATE GEOMETRY 
CHAPTER 17. 


STRAIGHT LINES 


Sutra {1} ef fae sarq Urdhva tiryakbhyam 
(Vertically and crosswise ) 


17.1 Of all the quantities in coordinate Geometry, the equa- 
tion of a straight line finds a premier place. Hence we shall 
begin with equation to a straight line. 


The equation a line passing through two points %, yp 
and (x, -y,)1 is 


y-y,=([Cy,-y,)/(%,-x,)](x-x,) 


17.2 The method of VM gives a simple way of obtaining this 
result. Here we use the sutra {1} as follows. 


Coeff of y is( x, -x,) oe — 


Coeff of x is(y, -y,) @ 
Constant is(x,y,-y,x,) — eer 
equation to line is (x ,-X,) y=(y,-y,) x +(X YY ,X,) 


Ex 1) Find the equation to a line through the points (6 , 5) and 
4,1). 
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equation to a line is X y 
6 
4 1 


(6-4) y =(5-1)x + (61 - 45) 


2y =4x-14 is y=2x-7 
Ex 2) Find the equation to the line through origin and the point 
(3, 4) 
y (3 -0)=x (4-0)+0 x 
3y = 4x 0 
3 4 
Exercise : 


Obtain the equation to a line passing through the following pair 
of points. 


(i) (7,3),(2,1) ~— Gi) 3,0) , (1, 6) itd) (8, -1), (2, -5) 
(iv) (-1,7),¢5.4) — (v) 0, -3), CL, -2) 


ANSWER : 

(i) Sy=2x+1 (ii) 2y = 3x +9 (iil ) 3y = 2x - 19 
(iv) 4y=3x+31 (v)y =-x-3 

17.3. Triplet for a line : 


The position of a line in two dimensional coordinate geometry 
is known by its slopem. Consider a line y=mx +c 
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Or x/l=(y-c)/m. 


Definition: .- 
The triplet of line x/a=y-c/b is (a,b,V a*+b? ) 
Note: 


(i) Two lines with triplets (x, , y, ,Z,) and (x, , y,, Z) are 
parallel if x,/x,=y,/y,. 


(ii) These lines are perpendicular if x,x, + y,y,= 0. 
(iii) The triplet of X-axisis[1,0, 1]. 
The triplet of Y-axisis[0,1,1]. 


(iv) These triplets coincide with those of angle 0° and 90° 
respectively. 


(v) The triplet of a line is same as the triplet of the angle 
that the line makes with X-axis. 


17.4 Angle between the lines. 


To find the angle between the lines a,x + by +c, =0 
& 


a,x+b,y+c,=0. 


The line a,x + by +c, =0 is putas, x/b, =y /(-a,) + 
c,/(- a,b,). 


.. Triplet of line ax+by+c,=0 is [b,,-a,,-]. 
Similarly Triplet of a,x + b,y+c,=0 is [b,, -a,,-]. 


Let OP , OQ represent these two lines. 
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LetLA= LNOM, LB= LTOS 
then SOM =A - Bis the angle between the lines. 
Triplet of line OP: [b, ,-a, .- ] = Triplet of LA. 
Triplet of line OS: [b, , -a, , - ] = Triplet of LB. 
.. Triplet of A - B=[b,b, + a,a, , b,a,-a,b,,-] 
.. tan (A - B) =| (b,a, - a,b) /(b,b, +a,a,) |. 
This gives angle between two lines. 
This coincides with the formula tan(A-B)=(m-m,)/(1+m,m, ) 
where 
m,and m, are slopes of the line. 
Ex : Find the angle between the lines 2x+3y=4 and 3x+4y =5. 
Solution: Triplet of line (I) =[3,-2,-] 
Triplet of line (II) =[4,-3,-] 
Triplet of the angle between the lines = [(34)+(23),(-42)+(33),- ] 
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=[(18,1,-] 


.. tan6 = 1/18. 
17.5 Lines in 3 - Dimensions 


Now we consider the lines in 3-d geometry. In this case, 
we define a quadruplet. 


For a three dimensional geometry, equation to a line 
passing through a point ( oc, B, ‘y ) and with direction rations 
1,m,n is 


(x- o)/l=(y-B)/m=(z-¥y)/n. 
Definition : The quadruplet of the line x/l= y/m=z/n is 
Q( line )=(1,m,n, V 12+ m?+ nr? ) 

To find the angles between the lines: 
(x-oc,)/1,=(y-B,)/m,=(z-y,)/n, (1) 
(x-o,)/L=(y-B,)/m,=(z-y,)/n, 


(II) 
We have Q(lineI) =(1,,m,,n,,r,) 
Q (line IT) =(1,,m,,n,,1,) 
Where r?=1,7?+m,?+n,? 


r,2=1,?7+m,*+n,’. 
If is angle between the lines 
Then, T (6)=[(11+m,m,+nn,,—, rr] 


11, + m,m, + n,n, 
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We use Sutra {1} for this result. 


The proof of the above result is similar to that for lines 
in two dimensions and hence left to reader. 


Note : If cos @ = 0, then lines are perpendicular and sin 
6 = 0, then lines are parallel. 


Ex: Find the angle between the lines. 
(x-1)/2=(y-2)/3=(2-3)/4 and 
(x-2)/3=(y-3)/4=(2-4)/5 
Here Q(linel) =(2,3,4,V29) 
Q (line II) =(3, 4,5, V50) 
T (8) = [ (23) + (34) +(45) , — ,V 29x V50] 
=(38,—, V 29x V50] 
cos 8 = 38/V 29 x SO. 
Ex: Show that the lines x/1 = y/3 = z/3 and 
(x-1)/3  =(y-2)/2=(z-5 )/-3 are perpendicular. 
Q(lineI) =(1,3,4,19) 
Q (line I) =(3,2,-3,22) 
T (6 )=[ (13) + (32) + (3(-3)) , — , V19 x 22] 
=(0, —,V19x22] 


.. tan @— oo, hence lines are perpendicular. 
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Ex: Show that the lines 2x - 3y +4=0 and 


3x + 2y +5 =0 are perpendicular. 
Triplet of first line ; [-3,-2,-] 
Triplet of second line: [2,-3,-] 

. Triplet of angle between these lines =[(-32)+(- 2)(-3),(- 4-9),- ] 
=[(0,-13,-] 
=(0,1,-] 
= T (90°) 

Hence lines are perpendicular. 


Note :- Lines are perpendicular if the triplet of the angle be- 
tween them is 


[0,1,-] and are parallel if T@)=[1,0,—]. 


Ex: Show that the lines 4x + 5y +7=0 and 
8x + 10y + 11 =0 are parallel. 


T(lineI) =(5,-4,-) 
T( line II) =( 10, -8,-) 


T(angle between the lines) = ( 82 ,0, - ) 
= ( 1 9 0 27 ) = 
= T(0°) 
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.. lines are parallel. 


EXERCISE : 

1) Find the angle between the lines : 
(i). x+y+1=0 and 2x-y+3=0 
(ii). 3x +2y+4=Oand 4x+3y+2=0 
(ili). x +y =0 and x-y=0 


2) Show that lines given below are perpendicular. 
(i). y=(2/3)x +7 and 3y+2x+7=0 
(ii). x +y+1=0 and x-y-1=0 
(iii). 2x+S5y+9=Oand 5x-2y-9=0 
3) Find the angle between the lines : 
(i). x/2 = y/-1 =z-1/1 & x-1/3 = y+2/1 = 2/3 
(ii). x/1 = y/2 = 2/3 & x/4 = y/5 = 2/6 
(iii). x-1/3 = y-4/2 =z+1/1 & X+4/2=y/3=z-11/-12 
17.6 Length of a perpendicular 


To find the length of perpendicular from a point, (x, y, ) on the 
line 


ax +by+c=0. 
Line ax + by +c=0 can be put as x/-b=(y+c/b)/a. 


Now shift the origin to (0, -c/b ). So that this line will 
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pass through the origin. 


Also the coordinates of point (x, y, ) will become 


(x,,0,,y, -(-c/b) ), ie. (x, , y,»+c/d). 


Now, T( line )=[b, -a, V(a’+ b’)] 
T( line )=[x,, y, +c/b, op] 


Now subtract the angles, we will get the triplet of the triangle 
POQ. 


T(angle POQ) = [—, ax, + b(y, + c/b) ,OP V(a?+b’) ] 
=[—,ax,+by,+c,OP, V(a@+b*)]  y 
=[—,ax,+ by,+c/ V(a?+b?), OP] 


=[0Q,PQ, OP] 
Q 
90° P(x,y,) 
0 


Thus PQ = (ax, + by, +c)/ V(a?+b?) 


This formula agrees with the traditional formula for finding 
length of perpendicular. 
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Ex: Find the length of perpendicular from a point of (3 , 2 ) 
on the line 


y = 4x. 
Solution: The line is putas x/1 = y/4 
T(line) =(1,4, V17) 
T(point) =(2,3, V13) 
T(angle that OP makes with line) = ( 14, 42 - 31, V13x V17) 
= (14,5, V13 x V17) 
= (14/V17, 5/V17, V13 ) 
Length of perpendicular = 5/V17. 
Verification = p = (ax, + by, +c) / Va?+ b? 
= 4(2) - 133) +0/V4?2+ 1? 
=5/VI17 
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CHAPTER 18. 


TRANSFORMATIONS 
IN A PLANE 


18.1 Letapoint P have coordinates (x , y ) w.r.t. O as origin. 
If the origin is shifted to a point (h , k) the new coordi- 
nates of P are (x -h, y - k). In another case if the origin 
is fixed, but the axes are rotated anticlockwise through 
angle @ then the new coordinates of P are(X, Y ) where. 


P(x, y) 


X=xcos@-ysinO@And Y=xsin0+ycos 80. 
The proofs of these results are omitted for brevity. 


18.2. With help of VM using triples, this orientation can be 
formulised very easily. The procedure is simple : Write the triple 
of sum of that for the point and the angle. Few solved examples 
will reveal the procedure. 
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Here, the triplet of a point P is the triplet of the angle 
XOP, all angles are measured in degrees. 


Ex 1). Find the new coordinates of point P (7 , 3) when axes 
are rotated through 90°. 


Wehave: T(P)=[7,3, V58],T(90°=[0,1,1] 

Let P change to P’ after rotation. 

Then T ( P!) = T (P+ 90) =[-3,7, V58]. 

[ We are not interested in the last element of the triplet 
[x,y,zJasz=x’?+y’] 

Coordinates of P (X , Y) =(-3, 7). 


In VM we need to remember the results of T (A + B) 
and T (A - B) only. 


Ex 2). Phas coordinates (3 , 2). Obtain its new coordinates if 
axes are rotated anticlockwise through 45°, keeping origin fixed. 


Here T(P)=[3,2,—],T(459=[1,1,—] 
T(P! )=T (P+ 45°) =[ 3-2, 34+2,—J=[1,5,—] 
.. P has coordinates (1,5 ) 

But using formula X = x cos 8 - y sin 9, 
Y=xsin@+ycos@ 

we get X=(1/2, 5/2) 

Why this ambiguity ? 


The answer is simple : we have cos? + sin*@ = 1 & we 
assume that 


x=cos 0, y=sin 9. 


Hence the z element of triplet of 8 should be made unity. 
Hence we solve the above problem again : 
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Here T(P)=[3,2,—], T (45°) =[1, 1, 2 Jis putas 


T(45°9)=[1/2, 12,1] 
Hence T(P)=T (P+ 45°) =[ 1/V2 , 5/V2 , —] 
Thus Coordinates of P=(1/V2 , 5/V2). 


Ex 3) Find the new coordinates of a point P (5 ,2 ) when 
the axes are rotated in positive direction through an angle, 
whose tripletis[4 , 3 , 5]. 


Here T(P)=[5, 2, V29],T(0)=[4, 3,5] 
Hence T(P )=T(P+9)=[14 , 23 , 5V29] 


Thus coordinates P should be ( 14, 23 ). But it is not 
so. The reason is that the length OP does not change due to 
orientation. 


Now the z element of T(P) is W29 
OP = V29 OP = V29. 


and z element of T(P) is 529. Hence we divide T (P ) by 
a: 


T(P )=( 14/5 , 23/5, V29 ) 
Thus new coordinates of P are (14/5 , 23/5 ). 


Ex 3). Find the new coordinates of P (4 , 7) when the axes 
are rotated in positive direction about angle 0 with triplet 


[3 , 4 , 5] and origin is shifted to point [2 , 3}. 


Coordinates of are P (4, 7). New origin is (2 ,3). Hence 
new coordinates of P are P(4-2,7- 3)ie.P(2, 4). 


Now T(P)=[2, 4,V20],T(A)=[3,4, 5] 
Hence T (P') = T (P+A) =[-10, V 20, 520]=[-2, 4, V20 ] 
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Now shift back to old origin 


T(P')=[-24+2 , 443 , —]=[0,7, —] 
“P! =(0, 7) 


Ex 4). Rotate P(8 ,-5) through 135° about the new origin 
ol (7,7). 


P=(8,-5) changes to (8-7 , -5-7)=(4 , -12) w.rt. 
new origin O 


Now T(P)=[1 ,-12, V145],T (135) =[-1, 1, V2] 
T(P )=T(P + 135% =[11, 13, V290] 
=[11/V2 , 13/V2 ,V145] 
( because OP = OP ) 
P =(11/2+7, 13/2+7) w.r.t. O. 
Exercise : 


In following examples, obtain the new coordinates of 
P when the axes are rotated, in positive direction through about 
the new origin O!. 


1. P=(2,3), T(®)=[-4,35] O' =O=(0,0). 


2). P=(1,7), 0=60°, O' =(3,5). 

3). P=(-1,-2), @= 120°, O' =(-2, 5). 

4. P=(4,-3), 0=30°, O' =(-3, -4). 

5). P=(6,2), T(®*)=(2, 1 ,5], O' =[1, 1). 

6). P=(-2,5), 8=270°, O' isO=(0,0). 


18.3. Now we shall see the effect of rotation of axes on the 
equation of _ line, curve etc. 


Ex 1). Find the new equation of a line y = 2x + 1 when axes 
are rotated through angle where T (0) = [4,3 , 5] and the 
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origin is fixed. 


Let, P(x,y) beany point on the line. 
Let, new coordinates of P, after effect of rotation be 
P( x,y). 
Now T(P) =(X , Y , Z) where Z?= X’? + Y? 

T (0) =[4,3,5] 

T(P'-0) =[4%+3Y , 3X-4Y , 5Z] 
=[4X+3Y/5 , -3X+4Y/5 , Z] 
=[x,y,Z], Say. 

x=4X+3Y/5 , y=-3X+4Y/5 
Putin y=2x+1 4Y -3X/5=2(4X +3Y/5)+1 
1e. 2Y-11X+5=0. 
Ex 2). Rotate the line 2x + 3y =4 through angle where 
T(0)=[(3,4,5] 


Let, after rotation, any point P ( x , y ) on the line be 
changed toa point P (x,y). 


Let T(P) =([X,Y,Z] 

& T@ =[(3,4,5] 

T(P' - 8) = [3X+4Y , 3Y-4X , 5Z] 
= [3X +4Y/5, 3Y -4X/5,Z 
=[x,y,Z] 

Put x=3X+4Y/5 , y=3Y-4X/5 
in 2x + 3y =4. 


2(3X+4Y/5)+3(3Y-4X/5)=4 
6X - 17Y + 20 =0. 
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Ex 3). Find the new equation to parabola y = x? when axes are 
rotated through 90° clockwise. 


As above, 
TAP} H—X-CY ZY 
TQ0)=([0,1, 1] 
.. T (P+90) = [-Y, X , Z]= Here T (P+90) instead of T (P - 90). 


=[xX,y, 2] 
y 
fe) x 
..Put x=-y y=x 
We get X=(-Y)? 
Y¥=x 


new form 
Ex: Find the new form of the ellipse x?/4 + y?/9=1, 
when axes are rotated through 45°, in positive direction. 


( solution is left to the reader ). 
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PART (IV) — CALCULUS 


Chapter 19 
DERIVATIVES 


19.1 The concept of a derivative of a function originates from 
the limiting value of a ratio. Since VM does not deal with the 
limit of a function we will not define a derivative. On the other 
hand VM is useful in application of its formulae. Here we study 
the methods of differentiation of product of two functions with 
assumption that reader is familiar with derivatives of different 
functions and basic rules of differentiation. 


Sutra : wefftrePy sary Urdhva tiryakbhyam 
( Vertically and crosswise ) 


There is striking similarity between method of finding product 
of numbers by above sutra and method of finding derivative of 
product of two or three functions. Let us first revise the method 
of multiplication by above sutra. 


Ex 1. Multiply 35 x 27 


Ans: We write : 


35 Note: For the central 
X 27 part we have 
6 | 31 | 35 (3 x 7)+(2x 5) = 31. 


= 945 
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Ex 2. Multiply 246 x 531 
Ans: We write : 
246 Note: For the central 
X 531 part we write 


10|26| 44] 22] 06 — (2x1)+(4x3)+(5x6) = 44 


= 130626. 
Ex 3. Multiply 1345 x 6802 
Ans:We write : 1345 Note: For the central 
X 6802 part we have 


rrr re ew eee ew eee ee eee 


06 26 48 64 46 08 10 
(1X2)+(3x0)+(4x8)+(3x0)+(6x5)=64. 
= 9148690 
Ex 4. Multiply 35 27 41 
Ans : We write : 
35 Note: For part II 
X 27 from left we get 
41 (5x2x4)+(7x34x1)+(1x2x3)=130 
24 130 171 35 
= 38745 
19.2 Term wise Coefficients : 


The coefficients of terms in first and successive deriva- 
tives of product of two functions are as follows. 
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1. For first order derivatives: 'G,,'C, Le. 1,1. 
2. For second order derivatives: *c,,’c,,’c, ie. 1,251. 
3. For third order derivatives : *c,,°c,,°c,,°c, 
Lé.. 4, 3, 3,1. 
4. For forth order derivatives :*c,,*c,,*c,,4¢,,*C, 


i.e. 1, 4, 6, 4, 1. 


Thus, 
5. For nth order derivative the coefficients are 
n n n n n n 
Co> Ci> C,; C;> Cc, So Oe ee Cy 
n! 
Where Cit a--sesarene senna senses ecene = 
r!(n-r)! 


19.3. The structures for derivatives of product of two func- 
- tions. 


Let y be differentiable function of x such that y=uxv 


Then we write 


Us Uy, u__as first, second, third, ..... nth order derivative of u. 
V,» Vs V, - V, as first, second, third, ..... nth order derivative of v. 
Y,> Yo Yq «++ Y, as first, second, third, ..... nth order derivative of y. 


Structure A : For first order derivative we write [ Ref. Ex 1 ]. 


Coefficients ic =] Ic, =1 
Vv Vv, 
Hence, y,=()uv,+()u,veuv,+uyv. 


Structure B : For second order derivative we write [Ref. Ex 2]. 
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Coefficients 2c, = 1 26.32 2c.=1 


y,=(I)uv,+(2)u,v,+(l)u,v 
y,=uv,+2u,v,+u,v. 
Structure C : For third order derivative we write [ Ref. Ex 3 ]. 


Coefficients %*c,=1 %c,=3 *6,=3 5c, = 1 
u u, u, u, 
_ v, Ae M3 


y,=(I)uv,+()u,v,+(3)u,v,+(1)u,v 
y,=uv,+3u,v,+3u,v,+u,v 


Structure D :For n th order derivative we write coefficients, 
functions and their successive derivatives as : 


n n n n n n 
C 0 ¢ 1 c 2 . 3 ¢ 4 ¢ n 

u U, u, u, u, u, 

V vi Vv, V3 V4 Vi 


—n n n n 
Hence, y ="C,uv +"C,U,V_,+"C,U,V_,+°C,U,V,,+— 
+"cC uv. 


Remark. This is the famous Leibnitz’s theorem for finding the 
n" order derivative of product of two functions. 


_ Illustrative Examples : 
Ex 5. If y =(x+1)? cos x, Find y, and y,. 


Ans ; We write structure A and B together as follows 


u=(x+1)? su, = A(x +1) u 
Vv =COS X Vv, = -sin x V 
Hence from structure A we get _ 
y, =(1) (x + 1)%- sin x) + (1) 2(x + 1) cos x 
= -(x + 1)? sin x + 2(x + 1) cos x. 
And from structure B we get 
y=(1)[(x+1) 7(- cos x)] + (2) [ 2(x + 1)(- sin x)] +(1) [ 2cos x ] 
=-(x+1)?cosx-4(x+1)sinx+2cosx. 
Ex 6. If y=x? log(x*) show that x y,=6. 
Ans: We write structure C as follows. 
=0 
= 6/x3 


u=x? u, = 2x u,=2 u, 

v=log(x*) v, =3/x v,=-3/x? Vv, 
= 3log x 

y, = (1)[x?(6/x*)]+ (3)[2x (-3/x?)] + (3) [2( 3/x )] + (1)[0 3log x] 
= 6/x - 18/x + 18/x+0=6/x. Thus xy,=6 


Remark : This structure helps us in evaluating the third deriva- 
tive of y directly without evaluating the first and second de- 
rivative. 


Ex 7. y = (x - 1)°(2x? + 3x + 1). Find y, , y, and y, atx =0. 
Ans : We write structure for y,. 
u=(x-1) u, = 3(x-1)? u, = 6(x-1) 


=-] - =3 =-6 
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Vv = 2x74+3x4+1 V, = 4x+3 v,=4 
v,=0 , 

=1 . =3 =4 
=O 
For x =0 


Now from structure A we get 
y, = (1) 1) 3) + (1) (3) (1) =-3 +3 =0 
From structure B we get 
y, = (1) (-1) (4) + (2) (3) (3) + (1) (-6) (D=-4418 - 6 = 8 
From structure C we get 
y; = (1) 1) () + 3) B) (4) + GB) (6) (3) + (1) (6) (1) 
= 0+ 36-54+6=-12. 
Thus y, =0, y,=8, y, = -12 for x =0. 
Ex 8. y=x>? e* Find y,: 
Ans : From structure D we'get. 
u=x? u,=3x? u,=6x U,=6 My 0 aesceseeeniacs u,=0 
VSO™ VS Qe Ve de® secsscsiiierss Vi = 27 le, v= 2"e* 


"cy (x? )( 2" )+ "c, (3x? )( 27! e* )+ 8c, (6x )( 2"? e*) + 
ee C, spe De -3 . e2%, ) 


=[x? 2°4+3nx?2™! 4 3 n(n- 1) x 22 +n (n- 1) (n-2) 23] eX 
Exercise 19.1 

1) Find y, andy, if y=e™* sin 4x. 

2) ~~ Find y, if y =(logx)? x’. 

3) If y =(2x + 1)* (1 - 3x) Find y,,y,, y, at x=1. 

4) If y=x°sinx Find y, andy.. 

5) If y=(x+1)(x-2)* Find y, andy, at x =0. 
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6) y =e* cos x Show that y, + 4y =0. 
7) Differentiate n times the equation. 
(1-x?)y,-xy,+ay=0. 
19.4 If y is differentiable function of x such that, 
y =u Vv w then we write the structure [ Ref. Ex 4], as. 


Structure E : u u, 
Vv v, 
w Ww 


J 


and apply the part II procedure of Ex 4. We get 
y,= Luvw=uvwt+tvuw+wuyv 


Similarly for y=u v w z we write the structure as. 


Structure F : u U, 
V v, 
w Ww, 
z Zz 


Hence y, =UVwztvuwZzZtwuvzt+Zuvw. 


Note : This method can be further extended to find first deriva- 
tive when y is product of n functions. Note that u, isn a 
derivative of u with respect to x 


Illustrative Examples 
Ex 9. y =(3x + 1) (x +2)? (x?- 2), Find y,. 
Ans : Ref. structure E. We write. 
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u=3x+1 u,=3 
v=(x+2)? Vv, = 2(x + 2) 
w =x?-2 w, = 2x 


Thus y, =3(x + 2)? (x? - 2) + 2(x + 2)(3x + 1)(x? - 2) + 2x(3x 
+ 1)(x + 2). 


Ex 10. y = 3x? (2x - 1)? (1- 4x) Find y, at x=1 


Ans : We write 


u = 3x? u, = 6x 

=3 =6For x=1 
v =(2x- 1) v, = 4(2x - 1) 

=1 = 4For x=1 
w = (1 - 4x) w,=-4 

=-3 =-4For x=1. 

Thus y,=6 1 (-3)+4(3)(-3)+(-4 3 (1) 
=- 18-36-12 


y, =- 66. 
Ex I11.y = e* (x? sin x + cos 2 x) 


Ans : Wecombine the structure E and A to write. 


u=e* u, = -e™ 
V=x? v,=2x 
w = sin x W, = COS X 
u=e™ u,=-e* 


i 
z=cos2x Z, = -2 sin 2 x. 
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Hence y, = (-e*) ( x? sin x )+(2x e* sinx )+cosx e® x? 


+e™* (-2 sin 2x) + cos 
2x (-e*) 


= e* (-x? sin x + 2x sin x + x? cos x - 2sin 2x - Cos 2x). 


19.5 When y is differentiable function of x such that y=u 
vw, 


we write the structure as. 


Structure G— ° 


Thus y,= u,vw+2 uv,w, 
ory, =U,VW+v,uWw+w,uv+2 (UV WwW, +VuU Ww, +wuU,V,) 
Illustrative Examples 

— px/2 2 H 
Ex 12.y =e*"’. x’. cosx, Find y,. 


Ans : We write the structure as. 


u=e%/2 u, = 1/2 er”? u, = 1/4 ex? 
v=x? Vv, = 2x v,=2 
W =COS X w, = sin x W, = - COS X 


Thus y,=(1/4) e*/?.x?cosx +2 .e*/?.. cos x + (- cos x) . x” e* 
12 


+2 [e*/? . 2x (- sin x) + x? (1/2 ) e*/?. (- sin x) + cos x (1/2) &* 
1 2x] 


y, = e*/? [ (1/4) x? .cos x + 2cos x - x?.cos x - 4x sin x - (1/2) 
x2.sin X +X COS X ]. 
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Ex 13. y=(x?+2x- 1) 3x + 1) (x?+ 2). Find y, and y, at 
x=0. ; 


u=x?+2x-1 u,=2x+2 u,=2 
=-] =2 = 2 For x =0. 
v=3x+3 v,=3 v, =0. 
= = = 0 For x=0. 
w=x’?+2 w, = 2x w,=2 
= = =2 
For x = 0. 


Kh oy, =2.1.2+3.(-1) 2+0=4-6=-2.atx=0. 

2) = -y, = 212 +0 + 2(-1)2 +2 [ (-1)30 + 120 + 223 ] 
=-4+24=20 atx=0. 

Remarks :- 


(1) Example 5 to 13 reflects the effectiveness of the structural 
method over the current methods. 


(2) This structural method is most useful when derivatives are 
evaluated at particular values of x. (Ref. 7,10, 13). 


(3) Readers are requested to solve these examples by current 
methods and compare with structural methods. 


Exercise 19.2 
1) Find y, and y, if y=(ax+b)(cx+d)(ex+f) 


where a,b,c,d,e,f are constants. 
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2) Find y, if y=7*. x’. log 7x. 

3) Find y, and y, if y=(x?+1)(3x-2)(S5-x) atx=1. 
4) Find y, if y=e*.logx.tanx. 

5) y=x*((Dx+E) (x*?+1)?+(Fx+G)(x+1)], 
Find y,. 
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CHAPTER 20. 


INTEGRATION 


20.1 Integration is the converse process of differentiation. The 
standard rules of integration can be interpreted by means 
of VM. The basic concept of integration is given by 
Reimann in which the integration is a limiting sum 
(upper and lower ). In this chapter we shall study the 
methods of integrals of products of two functions by 
following sutra. 


Sutra: | aedfiehpary Urdhva tiryakbhyam 
( Vertically and crosswise ) 


This method is much simpler than the methods discussed 
in textbooks. Here it is assumed that readers are familiar 
with integrals of standard functions and Rules and Meth- 
ods of integration. 


Method :- To find S (u v ) dx, we write the structure as fol- 
lows. 


1) The successive derivatives of u are written in first row. 

2) The successive integrals of v are written in second row. 

3) — Apply Tiryak sutra with (-1)"' where n is the order of 
Tiryak. 

4) Find integral of Urdhva product of last term of struc- 

ture. . 


Thus, if u u, u, BU. U, 


are successive derivatives of u arid, 
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Vv Vv Vv V Vv necces ya 
are successive integrals of v, then we write. 


u u u 


it 2 3 


V Vv Vv Vv V iesscdas v" 
And f(ux v) dx =(-1uv +(-'u,v + (-1)2u,v +(-1)2u, 
v+—— + (-1)" u,v"dx. 


Illustrative Examples 

Ex (1) Find I= fx‘. e*dx. 

Ans : We write the structure as follows. 

u=x‘ u, 4x3 u, = 12x? =24x u,=124 
v=e* pee a =e* v =e* 


Hence, I = (-1)°x*e*+ (-1)! 4x2 e*+ (-1)? 12x? e* + (-1)? 24x e* 
+ (-1)4 24 e* dx 
=e [xt - 4x34 12x? - 24x + 24] +c. 
| Ex (2) Find I= fx? cos 3x dx 
Ans: We write the structure as, 
fer u, = 2x | u,=2 
v=cos 3x v =(1/3)sin3x v= (-1/9) cos 3x 
I = (-1)°x?(1/3) sin 3x + (-1)'2x (-1/9) cos 3x 
+(-1)? (-1/9) cos 3x 2dx 
I = (1/3) x?sin 3x + (2/9) x cos 3x - (2/27) sin 3x +c 
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Ex (3) Finh I= JS e**.COS bx dx — (Reduction Formula ) 


Ans: We write the structure as, | 
u = cos bx u,=- b sin bx = = b? cos bx 
vse v =(l/a)e* v =(1/a’) e*I =(-1)° 


(1/a ) cos bx e® + (- 1)! (- b/a?) sin bx e® 
+ (- 1)?(- b*/a?) [ e* cos bx dx J | 
I =e*[ (1/a) cos bx + ( b/a*) sin bx] - ( b*/a”) [1] 
Hence, (a?+ b?) I= e*[ a cos bx + b sin bx J 
I = e* [ acos bx + b sin bx ] / (a2+b) 
20.2 Integrals by partial fractions 
Sutra : quae aaaeq ~Paravartya yojayet 
( Transpose and apply ) 
Ex (4) Find I= fx+3/(x?-3x+2) dx 


Ans : We write the integrand as, 
x+3 A B 


= + 
(x-1)(x-2) (x-1) (x-2) 
Hence x +3=A(x+2)+B(x-1). 
Putx=1 — : 4=A(3)Hence A= 4/3. 
| Put x =2: 1= B(-3 ) Hence B= 1/3. 
Thus I = (4/3) [1/ (x - 1)] dx -( 1/3) [1/(x+2)] dx 


(220) 
= ( 4/3) log (x +1)-( 7/3) log (x+2)+c. 


Exercise :- 
Evaluate the following integrals. 
L (x + 1) / (x3 + x2+ 6x) 
2. x?/ [(x-1) (x-2) (x-4)], 
3. (x2+ 2x + 2) / [(x+1) (x+2)] 
4, (x3 + 2x2+ 2x + 1)/ [x (x+1) (x+2) (x+4) ] 
Exercise : 
_ Integrate the following w.r.to x using VM. 
x4e* , xe* , x%cosx , x‘sinx 


x logx, x?logx, e™*cos 4x, e*sin 4x. 


¢ 
& 
¢ 
&. 
& 
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PART (V) 


MISCELLANEOUS 
CHAPTER 21. 


COMPLEX NUMBERS 


21.1 In this chapter we will study the elementary algebra of 
complex numbers with the help of concept of triplet as- 
sociated with complex number. | 

21.2 Definition :- The number V -1 is called imaginary num- 
ber, which is denoted by ‘i’. Thusi= V-1 andi?=- 1 
Definition :- The number z of the type z = a + bi, where 
a and b are real numbers and i is imaginary number, is 
called complex number. Here a is called real part 
( R.P.)and b is called imaginary part ( I.P.) of complex 


number z 
e.g. :- complex number RP. LP. 
3+4i 3 4 
2-7i 2 -7 
6i 0 6 
- 8 8 0 
Note: . 


(1] 8 =8 +01. Hence every real number is a complex number 
with imaginary part 0. Thus set of real numbers is sub set of set 
of complex numbers. 
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[2] When R.P. is 4 and I.P. is (- 3 ) then the corresponding 


complex number is 4 - 3 i 


[3] Zero is acomplex number as: 0=0+0i 


21.3 Equality of complex numbers. 

Two complex numbers are said to equal if their corre- 
sponding real and imaginary parts are equal. 

e.g. Let z,=a+bi, z,=c + di are any two complex 
numbers 

Then z, = Z, if and only if a=c, and b=d. 

If x+yi=2-7ithen x=2 and y= -7. 
21.4 Modulus of a complex number. 

The modulus, | z|, of any complex number z = a + bi 


is defined as 


|z|= V(a?+b?). 
Note :- \z jis always positive. 
For z=2-3i, |z|= V[22+(¢3)?]=V(13). 


21.5 Conjugate of a complex number. 
The conjugatez of any complex number z= a+ biis 
defined as Z =a-bi. 


complex number conjugate 
2+3i 2-31 
- 3+i -3-1 
-5-7i -5+7i 
2i -2i etc. 


Note:- [1] we have |z|=|z| = (Va?+b?). 
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21.6 Triplets corresponding to complex number. 


We have already studied triplets corresponding to angles 
in the triangle such as, 


TA): [x yn] T (B) :( x2, y2, 12} 


Where r,?=x;?+y;’, and r,?=x,? + y,?, and also 


T(A +B) =[ X%1%-Y1 Y2,X:y2tXYi,Nh | 
T(A-B) =[ X:%2+Y1Y2,.%2¥1- X1¥2.0 0) 
Now we define triplet corresponding to complex, number. 


Def :— The triplet T (z) corresponding to complex number z = 
x +yiis defined as T(z):[x,y,r] 


where x is real part, y is imaginary part of the complex number 
z and r= |z|=V(x?+y?) 


For example: 

[1] For z=3 +41, T (z): [ 3,4, 5] 
[2] For z=1-3i, T(z):[1,-3, 10] 
(3] For z= 81 T(z):[0, 8, 8] 
[4] For T(z) =[-3 2 V13], Z= -3+21. 
[5] For z, = Z2 , T(z) =T( 2). 


21.7 Addition and Subtraction of Complex Numbers. 
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Definition:— The addition and subtraction of two complex 
numbers Z;=X,+Y,i,  -Z2=X2+Y2i is defined as 

Z +2 =(Xi +X.) +( yi t+y2)i 

Z,-Z, =( Xi-X.)+(yr- yo) 1. 

“.T(z,+2,)=[x, +x, y,+ y, r) 

Thus we add corresponding real parts and imaginary parts. 


Note that for angles A and B, the rules for T (A + B) are differ- 
ent from those of T(z, + Z, ). 
Ex. Find z,+2Z, if z,=7+4i, z= -2+6i 
Ans. Wewrite, T(z) : [7 4 -]. 
T(z) :[-2 6 -] 


T(z,+z):([5 10 -] 
T (2 -Z2): [9 -2 -] 
Hence Z;+Z,=5+10i, and z,-z,=9-2i 
Note:- 
[1] We write the third element of triplet, if necessary. 


[2] Addition of complex numbers is commutative, and 


_ associative i.e. 


Z,+ Zz = ZytZ, and Z,+(Zzt Z3)=(Z; + Zz) + Z3 
[3] For any complex number z,z+0=0+2z=z. 
[4] Zi + Z2 = Z2+Z; 7 


[5] Forz =x+yi, z+zZ =2x. and z-Z =2yi 


(225) 
21.8 Multiplication of complex numbers . 


The method of multiplication of two complex numbers 1 is 
exactly similar to addition of triples of angles. 


To find z,.z, If z; =X; + y,i, and z,=x.+y2i 


We write, 

T (Z;) > 1X y1 Tr] 

T (2) > [% yo Tp] 

Hence T ( Z; 22 ) :[XiX2- y1Y2 YYit X1Y2 Mn] 


Thus z; Z. = (X1 X2- Yi Yi2) + ( Xo Yat X V2) 1. 
_Note:- 

[1] In numerical problems we need not find r, , r, and rz rp. 
[2] Readers will understand that this is an extension of familiar 
urdhva-tiryak sutra. 

[3] | zi[ | zl = | 21 22|- 
21.9 Properties of a product of complex numbers. 


[1] The multiplication of complex numbers is commutative and 
associative.( The proof is left to the readers.) 


(2] The multiplication is distributive over addition. 
Proof :- Let z;= X,;+1 Yi, Z2 = X2t 1Y2, Z3= X3+ 1 y3 
are any three complex numbers. 


To show that z, ( Z2 + Z; )=( 2; 23) +(Z Z ) 


Let T (21): [x1 y J. 
T(x): [ X2 y2 -] 
and | Ta): [x yo] 
Then ~~ — T (z;+2;) : [Xi+x; yitys -] 
= [a b al 
Where a = (x,+X3) ,and b= y,+y3. 
ands T { Z, (Z2+23) } >: [x,a-y b a y,+x,b- ] 
= [c d=] 
Thus z,(2z,+2Z;)=c+di . (1) 
Further '  T(4, 2») [x X~ Yi Yo Xo tk Yo") 
and T(223) : [X,%3-¥, YsXa¥, +X, Ys -] 
Then T { (z, 22) + (Z, Zs) } 
 [X,(Xo+Xs )-y, (Yotys )y,( XotXs +X, yotys) - ] 
: [x,a-y,b y,at+x,b - J=[c. d - j 
Thus (z,2,)+(z,Z3)= ct+di (2) 


From (1) and (2) we get = _Z, (22+ 23) =Z, Z, +Z, 23. 
Similarly we can show that z; (22-23) = Z, Zp - Z, Zs 
[3] Show that for any complex number Zi 
z.1 =z and z.0 = 0. . 
Note:1 =1+O0iand0=0+0i 
[4] Show that for any complex number z, zz =|z|?. 


Letz=x+yi and Z = x-yi then we write 


a 


T(z) ix y aj 

T(Z) ie 4 -y r] 

Then T (Zz) [x@ty?  xy-xy 

‘Hence z.Z= etyrs|z]2 
Illustrative Examples. 


Find(3+4i).(1+7i). 


let z=3+4iandz,=1+7i, 


Then T(z): [3 4 -] 
T(m): [1 - aj 
Hence T(z,.22): [3-28 i) en i 
[ -25 AT =] 


Thus (z,Z2)=-25-17i 
[2] Find(1+i)X(1-3i)X(-2+5i). | 


We write Z=1+i,2,=1-31 


T(z) : {1 1 -] : 
T(z) : {1 -3 =] 
Hence 
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r] 


(228) 


21.10 


T(z) : -2 5 = 
T( 2223): [2 24 -] 


Thus (z;Z2Z3) =2+ 24i. 
Square of the complex number. 
To find z?if z=x+-yi. 
We write T(z): [x y r ] 
T(z): [xy 7] 


[x?-y*,2xy,r7] 


Thus Z?=( x?-y?)+(2xy)i. 


e.g. Forz=3+4i,z7=(37-47)+(2.3.4)i=-7+24 


i 


Ex. [3] Show that w= 1/2 { -1+ 31 } is cube root of unity. 


Here we show that w?= 1. 


Wehave T(w): [-1/2 Vv 3/2 -j 
T(w?): [-12 — -3/2 -] 
Hence T(w?): [1/4 -(- 3/4 )-3/2+3/2 -] 
[=1 =0 -] 
Thus wi =1+0i=1.. | 


We observe that w? =(-1/2)-(3/2)i=w 
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21.11 Additional cases . 


Ex [4] Find (-2 + 3i) (3 -2i) + (1+i) (441) - (3-20 (245i) 


We write T(z) : [2 3 -] 
T(z) : [3 2 =] 


T(zz): [12 5 -] 


T (2s) > [1 1: =|] 
T(z) : [4 1 -] 
T(zz,): [3 5 -] 


T(z) : [3 -2 - -] 
T(z) : [2 5 -] 
T (ZZ): [16 11 -] 


Adding and subtracting (12 +3- 16) (5+5- 11) 
=-] -1 

Hence answer is (-1-i). | 
Ex. [5] If x =2+31, show that 
x?-5x+15=-3iand 
X3-4x?4+13x=0. 

We write T(x) 2: oe oe 

T(x?) [-5 12 -] 
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T (-5x ) 7-10 -15 -] 


Adding we get, T(x?-5x+15):[0 -3 -] 


Hence x? -5x + 15=0-3i=-3i. 


Further 


Hence 


Hence 


x?-4x74+13x=0. 


T(x?) :[-46 9 -] 
T (- 4x?) : [20 - 48 - ] 
T (13x ) :[26 39 -j 
T(x3-4x2413x):[0 0 -j 


21.12 Division of complex numbers. 


To find z,/Z, if z,;= Xit y,; i and Z, = X2+ yal. 


We write z,/ Z. =(2ZZ2)/( ZZ) 


and 


T(Z) 


T (2 ) 
T(z) 
T (2122 ) 
T (2222) 


[x1, yr] 
[ x2 y2 -] 
[X. -Ye - ] 


[ XiX2- Vi Yo+ XoVi + XiY2-] 


[x.? + y2* 0 -] 


Hence z,Z, =( xX; X- Yi V2) + (X21 +X Y2)1 


and 


Zo22 = (X2-y2?) +01 


Thus z,/2Z.= { (X:X2- Yi Yo) + (X2y1 + X12) i} / (Xx? + yr”) 


Readers will note that the value of numerator of T ( z; / z, ) is 
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exactly similar to T( A- B ) for angles A and B. 


Ex. [6] Find (1+i) / (3 -i). 
' Wewrite T(z):[1 -1-] 
T(z): (3 -1 4] 
T(z,):(3 1 -) 
T(z2) = :[2 4-] 
T( m2) :[ 10 0-] 
Hence : 2/2,=(2+4i)/10=(1/5)+(2/5)i 


Ex.[7] Express in the form of a + ib. 
{ (1 +3 i)(2 + 61)/@ -2i) } 


T(-Z, ) : {1 3 -] 
T(Z2) ; [2 6 -] 
T( 2; Z2 ) : [ -16 12 -] 
T(n)) (3  8©6©°2 
T (2;): [3 2 -] 
T (2,223) : [48-24-32 436. 
TC 42223) : [ =-72=4 -] 
T (23 Z3 ) * [13 0 -] 


_ Hence (2Z,Z,)/Z3;=(- 72/13) +( 4/13 )i. 


21.13 To find the reciprocal of z=x+yi, z 0 
We write 1/z=(1+0i)/(x+yi) . 
Now T(1+0i) : [1 0 -4) 
T(z) : [x y -] 
T(z) [x -y -] 


(232) 


T(1Xz) : [x -y -]j 
T(zz) : ((x?+y?) 0] 
Hence 1/z= (x-yi)/x?+y? 


Note: I/z=z/|z|?. 


21.14 To find the SQUARE ROOT of the complex number z 
=x+yi 


Let Vx+yi = (atbi), Where a and b are real 
- numbers. Squaring we get ,(x + yi)? =a?-b?+2abi 


Equating real and imaginary parts we get, x = a? - b? 
and y =2 ab. 


For b=y/(2a) weget x=a?-(y?/4a’) 
Simplifying we get, 4a*-4xa?-y?=0. 


We consider this as quadratic equation in a? and hence 
roots are 


a7=(1/8){4x + V(16x?7+16y’)} 
Hence a? =( 1/2) {x + V(x?+y?7)} 

Now for T(z): [x r r] 
where r= ( x?+y?)!2 gives a2=(x r)/2 
Thus a= V(xtr)/2 and a= V(x-r)/2 
For triplet [x,y ,r] wehave x<r forall x andr 


Hence x-r < OQ forall x andr. 
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As ais real number we delete the value a= V(x -r)/2 


Thus only value ofais a= V(x+r)/2 
Then b=y/(2a). 


Hence (x?+y”)=a+bi with above values of a and 
b and where r is third element of T(z) . 


Ex.[8] :- Find the square root of - 24+ 701 
Let x+yi= -24+70i and Vx+yi= +(at+bi) 
Now T(-24+70i): [-24 70 r] 
Nowr? =(-24)?+(70)?= 5476 Hence r = 74. 
Thus T (-24+70i1)= [-24 70 74] 
and = x+r=50. 
fens a= V(x+r)/2=V (50/2)=5, and 
b=y/2a=70/ 10=7. 
Hence roots are (5+7i). 
EXERCISE 
Set A Multiply 
(1) 1+31)(2+5 i) [2] (2 - i) (2 + 6i) 


[3] (2+4 i) (3 +51). [4Ji(1-i)(1+2i )(2+i) 
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[5] (2 -41)(1+6i)(7-31)(2i). 


Set B Find the value of 
(1] (11 +21) (3 +i) - (4+1) (8 -i) 
(2) (3 +i) (4-1 +(7-i1) (44+3i 
(3] (1 +1) (2 -i) - (1 +3 i) -(2+7i) (4431) 
[4](2+i)? [5}(1-3i)? 
Set C 
(1) If w= { -1+(3)!*i } /2, show that 
w?=w and w?=w. Also show that w?= 1. 
(2) If x =2+3i, Showthat x?-4x+13=0. 
(3) Ifx=1-(3)'?i Show thatx?-x?+2x+4=0. 
[4] Ifx =3+2i, Show that x*-3x?-2x?7+21x+39=0. 
(SJIfx=3-i. Showthatx?-3x?-9x+33=i 
Set D Express in the form of a+bi. 
[1](4+2i)/(34+2i) [2] (6-i)/(24+5i). 
(3](2+1/2-i)? [4](1+2i1)(2-3i)/ G+4i). 


[5] 1/(7+4i) (6)(1+51)/{(1-1)(2+3i)}. 
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SetE Find the square root of : — 
(1]12+5i (2] 33 + 56i)/4 
(3] -7+24i [4] 15-81 


[5] - 24+ 70i. [6] -7+6 V2 i 

ANSWERS 

Set A 

[1] -13+11 i [2] 10+ 10i [3] -14 +22 i 
[4]-5+5i [5] 44 + 412i 

Set B 

[1] -2 + 13 i [2] 44+ 183 [3] 7-143 
(4]3+4i [5] - 26 + 18i 

Set D 

[1] (16/13)-(2/13)i [2] (7/29) -(32/29)i 
[3] (-7 + 121) /625. [4] (28 - 291) /25 

[5] (7-41) /65 [6] (5+12i)/13. 
Set E 


[1] +(5+i)/ 12 [2] £(7/2)+2i 
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[3]+ (3+4i) [4] 4-1. 


[5] +(5+7i) [6] V2 +3i. 
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CHAPTER 22. 


DETERMINANTS 


22.1 In this chapter we shall study the evaluation of determi- 
nants of second, third and forth order by URDHVA 
TIRY AK ( vertically & crosswise ) formula. We shall also 
study the different applications of determinants in solving 
simultaneous equations, products of vectors, pair of lines 
etc. It is assumed that readers are familiar with basics of 
determinants and its applications. 


SUTRA wedftehpary Urdhva tiryakbhyam 
( Vertically and crosswise ) 


22.2 Evaluation of Second Order Determinant 


We know, D= fal bj = ajb2 - bj a2 
a2 b2 
Here, Urdhva Tiryak ( crosswise ) formula can be used. 
Ex. 1. Evaluate 3 4 
-2 5 
Here, D=(3.5)-(-2.4)=23. 
Ex. 2. Evaluate x+1 2x+3 
x-2 3x42. 
Here D= x+1 2x+3 . 


xX 3x+2 + x-2 


5x24+4x-4 
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22.3. Evaluation of Third Order Determinant 


To find the value of the determinant 


ay bl Cl 
D= a2 b2 c2 
a3 b3 C3 


Row Expansion Method ie 


Step 1 : - We write elements of first row as base and 
three second order determinants from elements of second and 
third row and evaluate them. 


al bj cl 


Pl p2 p3 
( where p], p2, p3 are the values of second order determinants) 


Step 2: Apply Sutra { 1 } to structure 
al b1 cl 


Pl p2 | p3 
then D=ajp3 -bi p2 +c] pl. 


Remark :- Determinant can be evaluated if second or third row 
is considered as a base 
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22.4 Column Expansion Method | 
Step 1:- we write the elements of the first column as base and 


three-second order determinants from elements of second and 
third column and evaluate them. 


a] \ Cl | 

b2 c2 { =m] 
a2 bi ro | 

b3 c3 }=m2 
a3 b2 c2. 

b3 c3 | =m3 


Step 2 :- We apply Tiryak sutra for the structure : 


Then D=a] m3- a2 m2 +43 mj. 
Remarks - 
{1] Similar method follows if second or third column is consid- 


ered as a base. 


[2] We get same value of the determinant irrespective of the 
method or the base. 


Ex. 3: Find the value of D= | 1 2 4 
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A) Row expansion method. 


Step 1:- 
I 2 4 
2 1 2 3 1 3 
5 -1 5 2} |-l 2/2 
Step 2:- We get 
1 Z 4 
-7 -11 5 


Step 3:- Apply sutra {1} then D = (1) (5) - (2) (-11) + (4) (-7) 
=-l. 


Note :- The values of the second order determinants can be 
evaluated orally to write the step 2 directly. 


B) Column Expansion Method 


nee 

1 3 =2 
2 2 4 

-1 2 =8 
5 1 -3 

-1 2 =5 


Thus D = (1) (5) - (2) (8) + (5) (2) Sih 


Ex. 4 : Find the value of x if D=|0 -X 2 
1 0 3 ——a 
4 -1 -1 


Answer: By row expansion method we write, 


0 4 2 


{ We need not evaluate third determinant because there is a 
zero at the corresponding cross-place }. 


Thus D = -2-13x. 


Hence -2- 13x =I1l gives x= -1 


Ex.5 Evaluate 2 -1 4 
7 3 -2 
4 1 8 
Answer : - 


Apply R2-3R{ and R3+Rj__ then 
D = {2 -1 4 
1 0 -14 
6 Oo. 12 


(242) = 6 |2 i. =<@ 


1 0 14 
1 0 2 
= 6 1 4 
0 16 
= 6 (16) 


= 96 
Note : 


[1] Elementary row / column operations do not change the 
value of a determinant. 


(2] Always try to get maximum zeros wherever possible by 
elementary row or column operations so that the calcula- 
tion part becomes easier. 


22.5 Properties of a Determinant 


(1) — The value of a determinant remains same when the rows 
and the columns are interchanged. 


Proof :- 
Let Dj= al b1 Cl and 
| a2 b2 c2 
a3 b3 C3 


By row expansion method , we get 


D,=ap,-b,p,+cp, Where , 
P, = a, b, P, 7 a, C, P, = b, C, 
a,b, a, C, b,  C, 


D, = a, a, a, 
b, b, b, 
Cc Cc Cc 


By column expansion method, we get 
D, = a, P, - b, P,+¢, P, 


Thus D,= D, 


(2) The value of the determinant changes its sign when any 
two rows or columns are interchanged 


(3) The value of a determinant changes its sign if any two rows 
or two columns are interchanged. 


(4) If any row or column is multiplied by constant ‘ k ‘ then the 
value ofa determinant becomes k times the original value. 


{ The proofs are left as an exercise for the readers }. 


(5) Ifany two rows or columns are identical then the value of . 
the determinant is zero 


{ The proof is left as an exercise } 
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22.6 Evaluation of Forth Order Determinant 
Row Expansion Method 


Let the determinant D= | a] b] Cl dj 
a2 b2 c2 d2 


a3 b3 c3 d3 
a4 b4 cH 4 


Step I : We divide the determinant into two parts by a hori- 
zontal line. 


Step 2 : From elements of the upper part we construct six 
second order determinants and evaluate them 


a b a Cc a d 
1 I 1 1 1 1 

a bo =x. ba Cmax. a dil) =x 
2 2 1 2 2 2 2 2 3 

b Cc b d c d 

b c. =x b d | =x Cc di-=x 
2 4 2 2 5 2 2 6 


Step 3: From elements of the lower part we construct an- 
other six-second ordered determinants and evaluate them. 
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=, y, b, d, = Ys C, d, = Yi 


Step 4 : We write the values of these determinants in the 
structure by assigning +ve or -ve values as shown. 


+ - + + - + 
x, x, x, x, X, X, 
y, y;, Y; y, y Y, 


Step 5: Apply sutra { 1 } and then, 
D= XK, ¥,-%,¥,+%,¥, +X, Y, > XY, +%,Y, 


Remark :- In solving examples, we apply row / column opera- 
tion in such a way that we should get zeros in any one column 
or row of upper / left part, or, zeros in any one column or row of 
lower / right part. This will reduce three out of six determinants 
to zeros. The corresponding Tiryak ( cross ) products need not 
be evaluated as their values, by corresponding Tiryak method, 
will be zeros. 


Ex. 7. Find the value of the determinant 
Dis. 1 2 0 1 
3 1 0 4 
5 1 -1 2 
3 2 1 1 


Step 1. Divide D by a horizontal line as shown. 
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Step 2, Observe that we have zeros in third column of upper 
part. We write the second order determinants and evaluate. 


1 2 1 0 1 -1 

3 1 =-§5 3 0 =0 3 4 =7 
) 0 2 -1 0 -i 

5 1 5 -1 5 2 

3 2-8 31 =8 3 1 =-1 

1 -1 1 2 -l 2 

2 1|=3 2 1 | =-3 1 1 l=-3 


Note:- we avoid the evaluation of first, third and fifth deter- 
minant as we have zeros at corresponding cross level. 


Step 3 : We write the structure as : 


+ - + + - + 
-5 0 7 0 9 0 
= 8 a ae 


Thus D = (-5 ) (-3 )+(7) (3)-(9) (8) =15 + 21 -72 = - 36 


Ex. 8 Evaluate D= mn 2 3 8 


2 
3 15 16 33 
4 
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Step1 : - We apply row operations R2 -2 Rj, R3-3 Rj , R4- : R] 
Then D= 1 Z 3 8 
0 25 13.23 
0 9 7 9 


0 6 5 6 
Step 2: Apply c2 - c4, then 
Ds 1 6 3 8 
0 2 13 23 
0 0 7 9 
0 0 5 6 
= (2)(42-45) 
= -6 
22.7 Solution of linear equations in two variables 


Sutra MaAagArary (lopnasthapanabhyam) 


( By alternate elimination and retention ) 
Method :- We write the equations as 
aj x+b]1 y=c] 
a2x+b2 y=c2 


Step 1 :— We eliminate x from the equations and write : 
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aj b+ aj Cd 
y = 3 
a2 b2 a2 2 
=p =m 
Hence p y =m i.e. y=(m/p) 


Step 2 :— We eliminate y from the equations and write : 


b1 al b1 Cl 
Xx = 
b2 a2 b2 2 
-p =n 
. Hence -px=n Le. X=(-n/p). 
Note : - 


1] Above two methods are similar to Crammer’s Rule for 
solutions of linear equations , and fail when D = 0. 


2] Method 2 is further extended for solutions of linear enue 
tions in three and four variables, 


3] We may apply row operations to reduce the determinants. 


Ex.9 Solve3x-2y=4,x+y=7 


Step 

[1]. Eliminating x from the equations we get :- 
3 -2 3-4 
1 lj y = 1 


Step [2] 
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Hence 5 y = 25 and y=5 


Eliminating y from the equations we get: - 


-2 3 Eo ff 
1 1.x. = 1 7 
Hence-5x=-10 and x=2. 


22.8 Solutions of Linear Equations In Three Variables. 


To solve the equations :— 


ax+bytez=d (1) 
axt+bytez=d (2) 
a,x tbh yt+ce.z=d (3) 


Method : - This method is an extension of the method in previ- 


ous Case. 


Step 1 :- We eliminate x from (1) and(2), 


a, b, a, Cc, a, 
y+ Z= 

a, b, a, : C, a, 

We get :m, y+n,z = p (4). 

Step 2 :- We eliminate x from (2) and(3), 

a, b, a, 7) : a, 
y+ z= 

a, b a Cc a 


We get: —m, y +n, Z = p, (5). 
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Step 3:— 
Solve equations ( 4 ) and (5 ) by the method or by inspection. 


Let y=y, Z = z, be the solutions. 


Step 4 :- 


We put these values in any suitable equation (1),or (2), or (3) 
to find the value of x. 


Ex. 11:- Solve the equations :— 


2x+3y-42z=3 (1). 
x+2y+ z=4 (2). 
2x+ yt6z=4 (3). 
Answer. Eliminating x from (1 ) and (2 ) we get : 
Z 3 2 -4 i 2 3 | 
| a z= 
1 2 | 1 1 1 4 
Hence y+6z=5 (4) 


Now. Eliminating x from (2 ) and (3 ) we get : 


1 2 1 1 1 4 
y+ z= 

2 1 (2 6 2 4 

Hence -3y+4z=-4 (5) 


Now. eliminating y from (4) and (5 ) we get: 


22.9 
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1 6 1 5 

z= 
-3 4 -3 -4 
Hence 22z=11 ie. z=1/2 


From(4) for z = 1/2, y+6(1/2)=Sy=2 
From(2) x =4-4-(1/2)=-12 x=-1/2. 


Solutions of Linear Equations in Four Variables. 


To solve the equations : 


a,xt+b,yt+c,z+d t=p, (1) 
a,x+b,y+c,z+d,t=p, (2) 
a,x+b,y+c,z+d,t=p, (3) 
a,x+b,y+c,z+d,t=p, (4) 


Method :- This is an extension of the previous methods for two 
and three variables. 


Step.1 :- Eliminate x and y from(1), (2) and(3) 


b, C, a, b, d, a, b, P, 
b, c, {z+ |a, b, d,| t= ja, b,. Pp, 
b, C, ie b, d, a, b, P; 


Observe that first two columns in these determinants are iden- 
tical, hence expand the determinants by considering third col- 
umn as base. For this apply Sutra{ 1 } to first two columns we 


get 
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a,b,-a,b,=e, (say) 
a,b, - a, b, =e,. 


a,b, -a, b, =e, 


‘Now we write the structure as follows: 


e, Cc, d, P, 
©, c, d, P, 
e, C, d, P; 


Again apply Sutra { 1 } we get 
| e,c,-e,c, +e, c¢, =f, ( say) 
e,d,-e,d,+e,d, =f, 
€, p,- &, P, +e; P, =f, 
Thus we get the first equation 
. fiz+f2t = f3 (5). 


Step. 3 :- Eliminate x and y from( 1), (2) and (4) we get 


aj bi cl aj bl di ja bp, 
a2 b2 c2/z+ | a2 b2 d2 | t=] a, b, p, 
a4 b4 c4 a4 b4 d4 a, b, Pp, 


Observe that first two columns in these determinants are iden- 
tical, hence expand the determinants by considering third col- 
umn as base. For this apply Sutra{ 1 } to first two columns we 
get | 

a,b, -a, b =e, ( say ) 


a,b,- a,b, =e, 


a,b, - a,b, =e, 


Now we write the structure as follows: 


e, c, d, 
&, C, d, 
e, c, 4d, 


- Again apply Sutra { 1 } we get 
e€,c,-€,c,+e,c, =f, 
e,d,-e,d,+e,d, =f, 
€, P,- &, P, + &, P, =f, 


Thus. we get the second equation 
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P, 
P, 
P, 


( say) 


(6). 


f4z+ fst = f6 
Step [3] Solve the equations (5 ) and (6 ) by any suitable method. 
Let z = z’ t = Ut’ are the solutions. 
Step [4]:- 


We substitute these values in any two suitable equations 
(1),(2),(3) or(4) and solve them for x and y. 


Ex.12:- Solve the equations :— 
X- y- t =0 
xXx+ yt zZ+2t =2 


3x- yrt2z- t=6 
x +3y +2z+3 t=10 


(1) 
(2) 
(3) 
(4) 


Step.[1] We eliminate x and y from(1),(2)and(3) 


1 -l O 1 -1 -1 
1 1 2f+tyl 1 2 = 
3 -l 2 3 -l -l 


Apply Sutra {1} to first two identical columns we get 


2=e, 2=e, -4=e, 


Now we write the structure as follows: 


2 0 1 0 
oe 1 2 4 
4 2 -1 6 


Hencef, = 4-2=2,f,=-2-4+4=-2,f,=12-8=4. 
(5) 


Thus we get2z-2t=4ie.z-t=2 


Step.2 :- We eliminate x and y from(1),(2)and(4) 


1 -1 0 1 -t -lld 
1 1 itz+fi 1 2|[ te 
1 3 2 1 3 3 


Apply Sutra {1} to first two columns we get: 


e, = 2, e,= 4 and e,=2 


We write the structure as 


Z 0 -1 0 
4 1 4 
2 2 10 


oh WN 


Thus f,=0, f, = -4 and 


i] 
+ 


-1 


0 
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Hence 0z-4t=4ie.t=-l. 
Step. 3:- From 5 we get z = 1. 
(5)-(6) gives z=4-3. Hence z=1 
And from (5) we get 3-t=4. Hence t= -l 
Step. 4:- | For z= 1 andt=-1, in( 1) and (2 ) we get 
x-y=-landx+y=5. 
solving we get, x =2 and y =3. 
Thus solutions are x = 2,y=3,z=1,andt =-1 
22.10 Consistency of Three Equations. 
Let a,x+by=c 


a,x+b,y=c, 
a,x+b,y=c, 
These three equations are consistent iff 
ay b; Cy 
D= a, b, Co = 0 
ca) b; C3 
( The proof is omitted ) 


Ex. 13:- Verify that the equations 3x-4y=10, 2x+3y=1, 
x+y =1l 


are consistent and solve them. 


Answer : Here D = 3 -4 10 
2 3 1 
1 1 1 
=> 
3 4 10 
-1 1 2 


(256) ae 
Hence D = 6 £42162 70. ae 

Hence the given ‘equations 4 are consistent. 

* We choose the equations ie 
“2xe3yal oe 

“and “x “¥'y ‘ef ee 


Eliminating x we get 


peu} ee x 1 ae t i ye 


Hence - y=lie. yet and then x £ 2. 


Ex. 14:- Find ‘ K ‘ if the equations Kx - 4y + 3=0,x+3 
y-7=0, and x+y =3 are consistent: Hence solve them. 


Answer :- pores 
We write the! igiven equabons ab 
Kx- 4y =- 3, 
x+3y 27 0 4 
x+y =3 : 
and construct the determinant D as 
fey Dee PR cag ea i gnef- 
1 3 7 
: 
K Wg 4 : 3 
oe ae 
OR D=2K+(-16)+6 
D = 2k - 10° 
The equations are consistent, hence D = 0 


Thus 2 K-10=0O hence K=5 


(257) 


We solve the equations: x +3 y=7 and x+y=3 


subtracting, we get 2y=4 ie. y=2 and x=1° 


Ex.15:- Show that the equations 11x-y+2z=12, 


3x+2y-4z=1,.x+2y-z=2,and7x-Sy-z=4are 


consistent. : 
Answer:- 


We construct the determinant :— 


D=|]11 -l 
3 2 
1 2 
7 -5 

Apply C3 + 2C2 
D= {ll -1 O 
3 2 O 
1 2 3 
7 5 8 
Apply C1-C4-C2 
D= | 0 
0 
-3 
8 
mm Fale - + 
0 0 O 


-& NO —= WN 


Oo + 


ve 
a8 


he 


1 
2 
Aer 
- 4h whch 
T2e2UL:. 
c 
ra oe 
y 0.12 
0 
3 
-8 
- + 
-25 0O 


(258) 
4 D = 0. Hence equations are consistent . 


22.11 Applications of Determinants 
(1). Pair Of Lines 
We know that any second-degree equation of the type 


ax2+2hxy+by2+2gx+2fy+c=0 represents a 
pair of the lines (joint equation of the lines ) if the determinant 


a h g. 
D = h b f =0 
g f c 


Now this determinant can be evaluated easily by above 
methods. 


Ex. 16. Show that the equation 2x 2+ x y-y2+x+4y-3=0 
represents a pair of the lines. 


Answer: - Comparing with second degree equation above, we 
get 


a=2,b=-1,2h=1 ,2g=1,2f=4,c=-3, 
thush=1/2,g=1/2,f=2. 


Now D= 2 1/2 = 1/2 
1/2 -l 2 
2 2 -3 
= 4 1 1 
1/2 -1 2 
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= 8 1 
1 -1 2 
1 2 3 


4D = 8 -1 1 
3 -5 -1 
= 8 (-1) -(1) (-5) +(1) (3) =0 
Hence D = 0 


Hence the equation represents a pair of the lines. 


(2) Product of the Vectors 
Let a=a,ita,jta,k,b=b,i+b,j+b,k, and 
c=c,i+c,j+c,k are any three vectors. 


then the vector product or cross product of a and b is 
defined as 


a X b= i j k 
a, a, a, 
b, b, b, 


The scalar triple product of a , b, c is defined as :- 


a.(bXc) = a] a2 a3 
b] b2 b3 
cl #6#c@2 3 


Above determinant can be evaluated by VM_ methods 
easily. 


(260) 
EXERCISE [1] 


Evaluate following determinants . Apply elementary operations 


if necessary. 


Set A :- 
(1Jj-! 3 /(2)}0 -31B)]x 3] (4) ja+7 b 
5 2 2 #7 y 4 a-l b+2 
Set B :-Find the value of x if :- 
{lj} 2 x (2}|x+1 x-1 (3] {3x-1 -2 
=3 =0 =0 
3 «6 § 5 6 0 1-x 
Set C :- 
(Jj! 3 3 | (2)}-1 -2 3) By) 41 2 3 
1 4 3 4 -5 2 1 
1 3 4 2 1 1 4 5 1 
[4)}1 2 3 | G)-7 1 4] (6) pil 12 13 
4 5 2 3 3 14 15 16 
3 1 4 8 2 -2 17 18 19 
[7]}} a atla+2 [8] |2 7 
b b+lb+2 5 4 
c ctlic+2 3 I 9 


et D:- 

(1) | 1 -3 5 [2} | 1 234 
2 1 4 1 3 6 10 
-1 2 3 1 1 4 10 20 
I 0 -1 3 I 5 15 34 

[3] 16 1 3 2 [4] | 2 5 7 8 
5 0 3 4 3 6 2 4 
I 3 4 2 3 5 7 6 
5 I 2 3 1 697 

ANSWERWERS [1] 

Set A: 

[1] -17 {2} 6 (3]4x-3y [4] 2a+8b-14 

Set B: 


{Ikx=7/3 [2)x=-11 [3)x=1,1/3 [4] x=-2,3/2. 
Set C: 

(WD=1 [2jJD=-5 [(3]D=-7 [4)D= -45 
(S}D= -36 [6}D=0 [7] D=0 [8] D= 0. 

Set D: 

(1}D=128 [27D=0 [3ID=-66 [4] D= 186. 
EXERCISE [ 2] 

Solve the fotlowing linear equations using determinants :- 


B 


(262) 


[(ljx+3y=7,2x-y=-7. [2] 3x+8 y=0,2x-3y=5 

[3] 2x-Sy=7,6x+3y=3 [4] 5x+7 y=35, 3x+4y=6. 

Set B :- 

[1] x-y+z=2,2x+y+z=3, x+4y-3z=-9. 

[2] 2x-2y+3z=4,x+4y-2z2=10,4x-3y+z=l. 

[3] x+y-z2=-4,2x+y-z=-3, x-y-z+12=0. 

[4] 2x+4y+z=13,-x+y+3z=11, S5x-3y-z=15. 

(S] x+2y+3z=12,2x+3y+4z=18,4x+3y+5z=24 

Set C :- 

(1) x+y-z+t=4, 6x+3 y+4z-3t=12, 
2x-y+2z-2t=6, 3x+2y=3z-4t=0. 

[2] x+2y+2z+t=-5S, 2x-y+6z+3t=8, 
X+y+z-t =3 2x-3y+2z =-4. 

(3) 3x-2y -w =2, 2y+2z+wel, 
x-3y-3z2+2w=3, y+2z+we=l. 


ANSWERWERS [ 2 ] 

Set A:- 

[1] x=-2 , y=3. [2)x=8/15, y=-1/5. 
[3]}x=1, y=-l. [4] x =-98, y=75. 
Set B:- 


(ljx=1, y=-1,z=2. ([2])x=2, y=3,z=2. 
(3}x=1, y=4,z=9. [4)x=4, y=0,z=5S. 
[5] x=-6, y=18,z=-6. 


(263 ) 
Set C :- 


[1])x=4, y=-2,z=0.t=2. 
(2)x=-1, y=2,z=2.t=0. 
(3])x=1, y=0,z=0.w=1. 


EXERCISE [3] 
Set A :- 


Show that the following equations are consistent and solve them. 

(1] 2x+3y=9,4x-y=11, 2x+y=7. 

(2] 3x+21 y=24,6x+7y=28,13x+7y=8. 

[3] 4x-3y+1=0, xty=5,2x-3y+5=0,-2x+y+l=0 

Set B :- 

Find K_ if following equations are consistent and solve them. 

(4J3x+Ky=7,2x+3y=1,x+y=6. 

(2] 5x+5y+z=K, x+y+z=3, 
3x-2y+3z=4, 2x -y+2z=3. 

ANSWERWERS [3] 

Set A :- . 

{I] x=3,y=1. [2] x =0,y=8/7. (3) x=2,y=3 


Set B :- 
[1] K=2,x=19/5,y=11/5. [2] K=11,x=y=z =1. 


(264) 

EXERCESE [| 4} 

1} Show that following equations represents a pair of the lines. 
{pox 2-y2+3ungy =O, 

(2) 2x2 Fay tFy2-5x-Sy+2=0 

2} Find K if the following equations represent a pair of lines. 
INP Kxy4 Ux +6 y¥44=0. (2) 2x2¢ny -y2engy 
+K=0 

ANSWERWERS [4] 

fi} K+ -6 [2] K=-3. 


23.1 


23.2 


(1) 


[2] 


(3] 


(265) 
CHAPTER 23. 


PARTIAL FRACTIONS 


We often require the process of separating a given ratio- 
nal expression into a group of simpler fractions, called 
partial fractions. In addition to most general method of 
equating the coefficients, various other methods are dis- 
cussed in textbooks of higher algebra and integral cal- 
culus. 


The method suggested by VM for resolution of rational 
fraction with denominator as distinct linear or quadratic 
factors is similar to current method on many counts. 
However, Swamiji has suggested the use of differential 
calculus when rational fraction has repeated factors. 


Here this idea is further extended in other cases to find 
partial fraction in a less laborious manner. Now we en- 
list the prerequisites for this extended method. 


The function F( x ) = { f(x )/ g(x) }, where f(x ) and 
g(x ), g(x ) 0 are polynomials is called rational fraction 
(R. F ) and every rational fraction can be expressed as 
partial fractions whose denominators are of the form 


(ax+b)"and(ax? +bx +c )etc. 


If two polynomials of same degree are equal for all.val- 
ues ofthe variable, coefficients of two like powers 
of the variable in the two polynomials are equal, ~ 


If y=x"then y, =(dy/dx )=nx"'' and 


(266) 


[4] 


[5] 


[6] 


[7] 


if y=(f(x)}"theny,=n{ f(x)"'} f, (x), ete. 
Readers are suggested to study the methods of finding 
derivatives of product of functions discussed earlier. 
The equations a,x+b,y=c,,anda,x+b,y=c, are 
either 


solved by inspection or any other suitable method in- 
cluding use of determinants. 


The value of f(x ).(x-a)™is zero forx =a, andn’ Th 
derivative of f(x ).(x-a)™is also zero for n <m for 
X=a. 


Finally a few examples are solved by the mixture of VM 
method and current methods to facilitate the solutions 
quickly. 


Illustrative Examples 


TYPE 1. Distinct Linear or Quadratic Factors: - 


Ex. 1: - Resolve into partial fractions: — 


Let ' 


2x+5 


(x+1)(x-4)(2x-3). 
2x+5 A B Cc 


+ ——— + 


(x+1) (x-4) (2x-3) (x41) (x-4) (2x-3) 


Where A,B,C are real constants, then, 
N(x)=A(x-4)(2x-3)+B(x+1)(2x-3)+ 


+C(x+1)(x-4) 
AndN(x)=2x+5. 


1) 


2] 


3] 


(267) 

Putx + 1=0,ie.x-1lin N(x) Sutra { 1 }. 
Hence N(-1) =A(-5)(-5)_ 
Thus 3 =A( 25) A=(3/25). 
Put x -4=0,i1e.x=4inN (x), 
Hence N(4)=B(5)(5) 
Thus 13 =B(25) B=(13/25). 
Put2x-3=0,ie.x=(3/2)inN(x), 
Thus 8 +2=C(5/2)(-5/2) C= - (32/25). 
Hence partial fractions are :- 

3 13 32 


Rib eee 


25(x+1) 25(x-4) 25(2x-3) 


Ex. 2 :— Resolve into partial fractions :— 


Let 


2x3 + 7x? +1 


(x?-x-1)(x74+2x4+3) 


2x3+7x74+1 Ax+B Cx+D 
eee ee a 
(x 2-x-1) (x?+2x+3)(x?2-x-1)(x?7+2x+3) 
Then N (x)=(A x+B )(x? + 2x + 3)+(C x+D)(x? - x- 1) 
Where N(x) =2x74+7x741. 


1) Putx?-x-1=Oie.x?=x+1,x3=x?74+x=2x41, 


N(x)=4x+24+7x+7+1=11x+10 


and x2+2x+3=x+1+2x43= 3x+4. 


(268) 

We get 11x+10=(Ax+B)(3x+4) 
=3Ax?+(4A+3B)x+4B 
= 3A (x+1 ) + (4A+3 B) x+ 4B 
=(7A+3B)x+(3A+4B) 


Comparing, we get 7 A+3B=11————_—_[[1 ] 
3A+4B=10 ———_[{2] 
Eliminating A from [1] and [2] we get 
7 3 7 11 
B = 
3 4 3 10 


i.e. 19B=37 hence B = (37/19) 
Now eliminating B from [1[ and [2] we get 
3 7 3 11 


4 3 4 10 

ie.-19A =- 14 hence A = 914/19). 
2] Now put x = 0 in N (x) we get, N (0) = B (3) +D (-1) 

1=(112/19)-D 
Hence D=(92/19) 

3] Comparing coefficients of x >in N (x ) we get 

2=A+C,Hence C=(24/19) 
Hence partial fractions are :- 

14x +3’ 24x+92 
R.F, = —— 
If (x2-2x-1) 19(x?4+2x+3) 


+ 


(269) 


Note :- Readers are suggested to compare this method 
with current method of solving the same problent.: +: 


- ca 
4 


a ee ee ele “eos one 
TYPE 2. Repeated Linear Factors :- ; 


Ex. 3 :- “Resolve: OED 2K 4 5 iu Ge 1D KG 
ae wl fe tA 4a eee : Snto partial’ factions 
ctoale Oe apr . 


rere = ~ this sbe equal: fo; Sia. Bee gee! : to ie : WD 
poof BQ oT: B he Pi 


AS i ea A ES ae a EP a bP eh 


+ — +———. +. 


yeecert ~ be 
fe SRR NE 


2x¢L.,- QxtiP ... dex. (exe 


reid 
yA 
Meee 


odds wigs 
ls GUT Ee 3 ¥e 


Then N(x)= [A (2x44) 4B] (L rr 
, +t{C(1- x)+D](2x+1)2 
a a 
RIA AE Sea a 
1] For 1 -x= 0 ie.x= 1 we observe thet, 
» LA(2x¢ 1) +B] (lr x}? Pafursstogey along with its 
Ni. _ first order, derivative. . 14 ae 
Now N, (x) = 3x?+ Ace ‘1, Thus N()= FoNy(l) = 6 
«We write the structure:as'— 5.) fF 


P , ov ; ark, ‘es : 
if , Silt h.  oeeee Sea ede iio en en abe £OPP SEES 
Pee MEEPS ES see By FE NP A ee ae “ a od Panes | 


(270) 


u=C(1-x)+D u,=-C 

=D =-C For x = 1 
v=(2x+1)? V,=4(2x4+1) 

=9 =12 For x= 1. 


For x= 1 we get : N(1)=9D, Hence D=(7/9) 

Values of first order derivatives of N (x) for x = 1 gives 
N,(1)=D(12)+9(-C) 
6=(28/3)-9C Hence C =( 10/27) 

2] For2 x +1=0 1.e. x =- 1/2 we observe that 

[C(1-x)+D](2x+1)? reduces to zero along with its 

first order derivative. 

Now N(-1/2)=47/8and N,(-1/2)=-9/4 


We write the structure as : — 


u=A(2x+1)+B u=2A 
=B =2A Forx=-1/2 
v=(l1-x)? v=-2(1-x) 
=9/4 =-3Forx=-1/2 
Forx =- 1/2 in N(x) we get ( Urdhva ) 


N(-1/2)=B(9/4) 
(47/8)=B(9/4) Hence B=( 47/18) 


Values of first order derivatives of N (x) for x =- 1/2 
gives 

N,(-1/2)=B(-3)+2A(9/4)  (Tiryak) 
i.e.(9/2) A=(47/4)-(9/4) Hence A=(67/ 54) 


Hence partial fractions are :- 
67 47 10 7 
R.F.= —— + ——__ + — 


ee 
54 (2 x+1) 18 (2 x+1)?> 27(1-x) 9(1-xy 
Ex. 4 Resolve x3 
into partial fractions 
(x-1)4 (x?-x41) 
Ans :- Let R. F. is :- . 
A B C D Ex +F 
+ 


+ 


a 
(x-1) (x-1) (x-1% (x-1)4 (?-x41) 
_ N(x) = [A(x - 1) 3+B (x-1) 2+ € (x- 1) +D] (x2-x +1) 
+(Ex+F) (x-1)4 
where N (x) =x? 


1] We observe that the term (Ex + F ) (x - 1 )* reduces 
to zero along with its first, second third order derivatives for 
x = 1. Now 


N(x)=x? N,(x)=3x? N(x )=6xN,3(x)=6 


-1 =3 =6 = 6 
For x=1 


We write the structure as : — 


u=D u,=C u,=2B u,=6A. 
v=x’?-x+lv,=2x-l1 v,=2v,;=0 
=] =] =2 =0 


For x = 1. 


(272) 
Values of N(x) forx=1 gives ( Urdhva) ,: 


N(1)=D Hence D=1 
Values of first order derivatives of NC x ) for x x= 21 gives 
N, (1)= D(1)+€(1) (First tiryak) 
=1+C...... HenceC=2. 
Values of second order‘derivatives of N (x) for x = 1 gives 
N, ys 2D+{ 2 } C +2 Bisecond Tiryak ) 
5 6= 244423 Paar 
HenceB=0. :: =. 
‘Values of third order derivatives 6fN € X ) fot x= 1 ‘gives 
N,;,(1)=0+{3}2C+{ 3 3B +6 A (Third Tiryak 
6 =0+1240+6A., 
Hence'AS <1, 2 ee 
2]; Values of N(x.) for x= 0 gives’. . 
N(0)= [-A+B+C+D](1)+F(T) 
O=1-2+1+F | Hence F=0. 5 
3] Comparing coefficients of x:°-in::N (x ) we get 
0= AGE. ae ee ee ee 
Hence E=1. 3 = “ 


Hence partial fractions are :- 


(273 ) 
-1 2 1 x 
— + ——— + 
x-1 (x-1)3  (x-1)3 x?-x4+] 


TYPE 3. Repeated Quadratic Factors :- 


Ex. 5 Resolve x°*-x*+4x3?-4x7+8x-4 
into partial fractions. 


 (x?742)3 
Ans :- Let R. F. be :- 
Ax+B Cx+D Ex+F 
+ ——————__ + 
(x?7+2) (x?7+2)? (x74+2)3 


N (x) = (A x +B) (x24 2)?2+(Cx+D) (x?+2)+(Ex+PB), 
where N (x )=x°-x4+4x3-4x74+8x-4 
1} For x 2-2=0 ie..x?=-2, 
we get x?=-2x’*=4,x5=4 
Hence NG Saeed ea Rae a 
And N,(x)= 4 


We write the structure as :- 


—ueCx+D uC w=Ex+F 
+ 
v=x7+2 Vjp=2% w,=E 


Note:- The term (Ax+B)(x 24 2)? reduces to zero along 


(274) 
with its first order derivative forx? =-2. 


Values of N(x ) forx?=-2 gives ( Urdhva ) 
4x=(Cx+D)(0)+Ex+F 
4x+O=Ex+F 

Comparing we get E=4,F=0. 


Values of first order derivatives of N (x ) for x 7= 1 
gives 


N,(x)=(Cx+D)(2x)+C(0)+E 
4 =2Cx?+2Dx+E 


4 -4C+2Dx+4 


Hence 0 =-4C+2Dx 
Comparing we get :-C =0 D=0. 
2] Values of N(x ) for x = 0 gives 


-4=4B+2D+F Hence B = - 1. 
3] Comparing coefficients of x > in N (x ) we get 
1=A+C Hence A = 1. 


Hence partial fractions are :- 
x -l 4x 
RF. 


(x?+2) (x?+2)3 


(275 ) 
TYPE 4. Higher Degree Factors :- 
Ex. 6 :- Resolve x4*-3x74+4 
into partial fractions. 
(x-1)?7(x3742x+1) 
Ans :- Let R. F. be :- 
A B Cx*+Dx+E 


——$_——_— + ———_ + 
(x-1) (x-1)? (x?+2x+1) 


N(x )=[A (x -14+B] (x ?+2x+1)+(Cx?+Dx+B) (x-1)? 
Where N (x )=x4-3x?4+4. 


1) The term (C x?+Dx+E)(x- 1 )? reduces to zero 
along with its first order derivative forx = 1. 


Now N(1)=2. N,(x)=4x?-6x ie. N,(1)=-2 


We write the structure as :- 


u=A(x-1)+B u=A 
v= (x?4+2x41)v,=3x74+2 
=4 =5 
For x = 1. 
Values of N(x) forx =1 gives ( Urdhva ) 
N(1) =(B)(4) Hence B =1/2. 


Values of first order derivatives of N ( x ) for x = 1 gives 
N,(1)=5B+4A 
2 =(5/2)+4A Hence A=-9/8. 


276) 
2] 


3] 


Forx=Oweget N(0)=4,N,(0)=0. 


We write the structure as :- 


u=A(x-1)+B u, =A 
=-A+B=(13/8) =-9/8 

v= (x?+2x+1) v,=3x7?+2 
= 1 =2 Forx= 


w=(Cx’?+Dx+E)w, =2Cx+D 

=E =D 

z=(x-1)? Z,=2(x-1) Forx=0. 

Values of N(x) for x =0 gives ( Urdhva ) 
N(0)=(13/8)(1)+E(1) 

4 = (13/8) +E Hence E = 19/8. 
Values of first order derivatives of N (x ) for x = 0 gives 
N ,(0)= (13/8)(2)-(9/8)+E(-2)+D(1) 

0 =(13/4)-(9/8 )-(19/4)+D 
Hence D = 21/8. 


Comparing coefficients of x * in N (x ) we get 


1=A+C Hence C= 17/8. 
Hence partial fractions are :- 

9 1 17x?+ 21x + 19 
RFS ee of + 


8 (x - 1) 2(x-1?% 8(x3?+2x+1) 


(277) 
TYPE 5. Factors of the type x" 


Ex. 7:- Resolve 1+2x 
— into partial factors. 


x? (x+2)3(x-1) 
Ans :- Let R. F. be 


A B C D E F 
— + + + —+ + 
x-1 X xy x+2 (x+2) (x+2) 


N(x)=x?(x+2)34+(Bx+C)(x-1)(x+2)7+ 
+[D(x+2)?7+C(x+2)+F]x?(x-1), 


Where N(x)=1+42x. 
1) For x = lin N(x), we get 
N(1)=A(1)2(142)3 
3. =27A — - Hence A=1/9.° 
2) Forx=Oin N(x), we note that Ax?+(x+2)3 and 


os PD x42)? 4E(x #2) +4F] x2 (x21) reduces 
to zero along with: its first order derivative. 2g 


c. . , We write the strycture as =), ox, 

u =Bx+C u,=B 

=C %o:> 's' = B Forx=0 

ye eet ct! Vv rel 
oly 7's ip 


(278) 
For x 


3) 


gives 


=0 


w=(x+2)3 w,= 3(x+2)? 
~ 8 = 12Forx=0 


Values of N(x) for x =0 gives ( Urdhva ) 
N(0)=C(-1)(8) Hence C=(-1/8) 


Values of first order derivatives of N (x ) for x =0 gives 
_N,(0)=B(-1)(8)+8C+12C(-1) 
7 2 =-8B-1 +(3/2) Hence B=- 3/16. 
For x+2 =0 i.e. x = -2 the first and second term of N (x) 
reduces to zero along with its first order derivatives. 


Now Values of N(x) forx =0 gives ( Urdhva ) 


N(-2)=-3and N,(-2)=2 NAys6 


We write the structure as :- 

u= F u,; =Eu,=2D forx=-2 

v= -12 v,=16 v,=-14  -forx=0 

Values of N(x) forx =-2 gives ( Urdhva ) 
N(-2)=-12F Hence F= 1/4 


Values of first order derivatives of N (x ) for x = - 


N,(-2)=16F-12E 
2 =4-12E Hence E= 1/6. 


Values of second order derivatives of N (x ) for x =-2 gives 


(279) 
N,(-2) = -14F+32E-24D 


0 = (-7/2)+(16/3)-24D 
Hence D = (11/144). 
Hence partial fractions are :- 
1 -3 1 11 
R.F. —— + ——+ ——+ ———— + 
9(x-1) 16x 8x? 144 (x + 2) 
l 1 
+——_—_—_—— + 
6(x+2)? 4(x+2)3 
K°+h 
Ex. 8:-Resolve —_____—_——— into partial fractions 
x 3 (x3+x?-x-1) 
Ans :- Let R. F. be 
A B C Dx?+Ex+F 


a ieee, Soi ea ae 


——— + 


X a x (x?+x?-x-1) 
N (x) = (Ax?4+Bx4C) (x3+x?- x-1)+(Dx?+Ex+F) x}, 
Where N (x) =x° +1 
Now N(x)=5x‘*, N(x)=20x? 


1) For x =0,(Dx?+Ex+F) x 3reduces to zero along with 
its first order derivatives. 


(280) 
We write the structure as :- For x =0 


u=(Ax7+Bx+C) u=2Ax+B u=2A 
=C =B =2A 
v=(x°+x?-x-1) v=3x74+2x-1 v=6x+2 
= -1 =-1 . =2 
Values of N(x ) for x =0 gives ( Urdhva ) 
N(0)=C(-1) . 
1=C(-1) Hence C=-1 


Values of first order derivatives of N (x ) for x = 0 gives 
N(0)=C(-1)+B(-1) 
0 =I1-B 
Hence B = 1 


Values of second order derivatives of N ( x ) for x = 0 gives 


N(0)=C(2)+2B(-1)+2A(-1) 


0 = -2-2-2A Hence A=-2 
2) Comparing coefficients of x > in N(x ) we get 
1=A+D Hence D =3 
3) Comparing coefficients of x * in N (x ) we get 
O=A+B+E Hence E=1 
4) Comparing coefficients of x> in N (x ) we get 
0-A+B+C+F Hence F=-2 


Hence partial fractions are :- 


(281) 


-2 1 24 3x7+x-2 
R.F = —— + ———_ + —____ + 
X x? xe (x3+x?-x-1) 
EXERCISE 
Resolve the following rational fractions into partial fractions : 
[1] x?-3x-1 
x (x-1) (x+2) 
[2] 21 x - 23 
x?-7x+12 
(3] x34x24x4+2 
(x241) (x? +2) 
(4) 6x*4+11x7+18x?2+14x+6 
(x+1) (x?+x41)? 
15] 9x3-24x7+48x 
(x+1)(x-2) 4 
6] 3 x3-8x? +10 


(x-1) 4 


(282) 
(7] 4x*-16x74+17x7?-8x4+7 


(x-1)(x-2)?(x?41) 
8] as 

(x?+1)?(x?4+3)3 
[9] x374+2x?4+x-2 

(x+2) (x*+3x3-x?24+4) 
[10] X*4+8x3-x?4+2x4+1 


x (x+1)2(x?-x4+1) 


[11] x4+x34+8x74+x4+2 
x3(x74+1)? 
12] x-5 


(2x+1)(2x+5) 


ANSWERS 
1) 1 -1 -3 
+ —_———_- + 
2x x-1 2(x+2) 
2] 61 -40 
—— + 


3] 


4] 


5] 


6 


7) 


8] 


9] 


10) 


11] 


(283 ) 


1 x 
+ 
(x?4+1) (x? +2) 
5 x-1 3x+2 
+ ——_——— ++ 
(x+1) (x?+x+1) (x?+x4+1)? 


-1 1 6 12 24 
+ +—————— + - + 
x+1 (x-2) ©x-2)?  (x-2)3  (x-2)4 


3 1 7 5 
+ + ————_ + 
(x-1) (x-1)? (x-1)3 (x-1) 4 
2 1 . -1 x+1 
pe + —— 
x-1 x-2 (x-2)? x74. 
-7/16 1/8 -7/16 3/4 9/4 
—— + + +— + 
x?+1 (x?+1)* x?+3 0) (x?4+3)? (x?24+3)3 
1 -x34x243x-4 
peer eet ea ee 
2(x+) 2(x*+3x3-x74+4) 
1 -2 3 2x 
+ + ———— + 
X x+1 (x+1)? x?-x+1 
2 1 2 2x+1 
+ + -_ 


x x? x3 x2+1] 


284) 


4x+1 3x 
‘ + 
x74] (x?+1)? 
12] -11/8 15/8 
+ 


(2x+1) (2x+5) 


63 


65 


67 


75 


76 


71 


18 
Last Line 


First Line 


Last Line 


ERRATA 


Incorrect 
aprocedure 


97+ 12=85 
88 + 03 = 85 
35 


07 

05 

7x5 

(9 - 8) 
07904 

+ 24320 

gil2727 

293 2896 

as above 

59 1 91573 

1797145501 

1 18 +0 etc. 

6119581 

19581 

6710171203 

10171203 


61 
4 


20 
20 


Osculator digit 


Correct 
a procedure 


97+12=85 
88 + 03 = 85 


24320 
oi27|37 
29 2896 
as above 
59191573 
179[7145501 
1x 18+0etc. 
61|19581 
19581 
67|10171203 
T0171203 
6ll 

4 


20 
20 (& Shift to Previous Page) 


Osculater x digit (1) 


72 


151 


154 


155 
159 


17 to 21 


12 


10 
13 


13 
16 


last line 


19 
Last Line 


” 


” 


695+4 69x5+4 
875+ 3+8 87x5+3+8 
255 25.%:5 

86 5 86 x 5 

975 97x 5 

07 07 

05 05 

7x5 7x5 


[ x 72] [yzx] [zxy] [xyz] # [yzx] # [zxy] 
add “implies” after 
[x, y, z] = [a, b, c} 


T(A) + T(B) T(A) + T (B) # T (A+B) 
Add “Tt is a relation” after 
operators) 

also delete also & add : “In the 


figure given below” 
[3 12-45, 412-35, 513) 
(3x12-4x5,4x 12-3x5,5x 13] 
[3 12 + 45, 412 + 35 , 513) 
3x 124+4x5,4x12+3x5,5x 13] 


(x,y, 2 ]x,y,2z,] (x,y, 21= [x,y,z] 


(1 +23...) {l+2V 3] 

[312] (V3, 1, 2] 

dividing by 3 dividing byV3 _ 
(1-314+32V2) = [1-V3, 143, 2 V2] 
Sin = 3/2 Sin © = V3/2 

TO = (x 32) T (O)= [x, V, 2] 
TO =[-1 32] T(O=L-1 V3 2] 
and cos and cos © 

tan =-3 tan@=-V3 


TO T(0) (2) 


Fh. go 


A aaetaere Seer : Se aA BY ag 


H fequitan top areal ra a? 
1K Since ERAGE 

K oan acta ard 

K warap : 4a, de, aes anf aaa 
ming 

HK ha Fara 

agi gt 

he 

H fearea areas ooh 

HK ame aman are 

K Reid fest 

1K aR Hensel share 

K reat Fy] 

K Wea at 

YK Fee Area aM 


feb, Go 

fF, 00 
fF, Ro 
fF. oo 
fF. 'g0 

fF. 4o 

ica 300 
fF, Yoo 
fF, Yoo 
fF. Yoo 
Fh 2o 
fF. 200 
FR. 8% 
fF. 330 
fF, %o 
fH. 824 
fF. 2¥o 
FR 2G0 
f%, 00 
fF Yoo 
fF. 24 
fF. £0 

fF. C0 
fF. 2¥o 
fF, 20 


fF. Go 


SPRTLSS Se 


Haga fara aean Hee aut Bers Artest 
PRTTERTY ATE (aA) aafaRAT 2oLy 


BH and ae ae (23 Ft stent) 
1H Gage Gee (23 at sarge) 
Haaren AMeea (uct atret) 
1H spate ae ('4 at arg) 
H ated dar 


era 
WH fara fee aaitr ardee fazer 
Hae GAA 2000 a 82 
antes 


NEM © mm 
oc 0 08 fo oO oO 


ELE 
$ 


° 


Hyena 3 Rrart wen (¢.371.) 
H 209 Thaaras Fg (¢.37.) 
WH 2acseu S : Saf HECd (¢.311.) 
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